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Kapitel 0

Deutsche Einleitung

0.1 TUbersicht

In dieser Arbeit werde ich einen Algorithmus vorstellen, der das Problem der
quadratischen rationalen Forméquivalenz mithilfe eines Orakels fiir das Fakto-
risieren ganzer Zahlen in Polynomialzeit entscheidet.

Einer Turingmaschine ein Orakel fiir ein Entscheidungsproblem zur Verfiigung
zu stellen, bedeutet, ihr zu ermoglichen das Problem in nur einem Schritt zu
entscheiden. Ein Orakel fiir INTFACT ermoglicht beispielsweise das effiziente
Faktorisieren ganzer Zahlen. Fiir eine Komplexitédtsklasse C schreiben wir bei-
spielsweise C™NTMCT fiir die Klasse an Problemen, die mithilfe eines Orakels fiir
INTFACT in C entschieden werden kdnnen.

Ich verwende die folgenden Kiirzel fiir Komplexitatsklassen:

e P in polynomieller Zeit entscheidbares Problem.

e NP in nicht-deterministisch polynomieller Zeit entscheidbares Problem.
e ZPP in randomisiert polynomieller Zeit entscheidbares Problem.

e EXP in exponentieller Zeit entscheidbares Problem.

Fiir C notieren wir mit coC die Klasse der Entscheidungsprobleme deren Kom-
plement in C liegt.

Die Menge aller Polynome vom Totalgrad d iiber dem Koérper F notiere ich
mit F[Xq,... ,Xn]zd. Zwei Formen f,g € F[Xq,... ,Xn]zd heilen aquivalent,
wenn es eine invertierbare lineare Transformation 7 in den Variablen gibt, sodass
f o1 =g. Wir schreiben dann auch f ~ g, siche Abschnitt 2.3 fiir Details. Das
zugehorige Entscheidungsproblem ist:

QuabpForMEQuIvy := { (f,9) | f, g quadratische Formen iiber F und f~g}.

Ich werde mich vor allem mit dem Spezialfall F = Q beschéftigen. In [AS06b]
wird gezeigt, dass QUADFORMEQUIV € EXP gilt, also in exponentiell vielen
Schritten in der Eingabegrofie entschieden werden kann. Ein Hauptresultat der
hier vorliegenden Arbeit ist eine Verbesserung dieser oberen Schranke zu:

INTFACT
QuapForMEQUIVg € P .
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Dies bedeutet, dass QUADFORMEQUIV(, in polynomiell vielen Schritten moglich
ist, wenn ein Orakel fiir INTFACT zur Verfiigung steht, INTFACT also effizient
entschieden werden kann. Da INTFACT € NP N coNP liefert dies folgende
verbesserte Schranke:

QuapForMEQUIV, € NP N coNP.

Der dafiir in dieser Arbeit gefiihrte Beweis ist in sich geschlossen. Dabei wer-
den nur grundlegende Eigenschaften des Hilbert-Symbols' und p-adischer Zah-
len? verwendet. AuBerdem ist meine Beweisstrategie sehr verschieden zu der
in [Har08]. Dort wird zusétzlich gezeigt, dass das funktionale Problem, also auch
das Finden der Aquivalenz 7, mithilfe eines Orakels fiir INTFACT in Polynomi-
alzeit moglich ist. Dieses Problem sei mit FUNCQUADFORMEQUIV, notiert.
Eine weitere Aussage aus [Har08] ist, dass sich v/—1 (mod n) effizient bestim-
men lédsst, wenn FUNCQUADFORMEQUIV, effizient moglich ist. In dieser Arbeit
werde ich zusétzlich zeigen, dass INTFACT selbst in randomisierter Polynomi-
alzeit moglich ist, wenn FUNCQUADFORMEQUIV, effizient gelost werden kann,
was 7 aus praktischer Sicht sehr interessant macht:

INTFACT € ZPPFUNCQUADFORMEQUIVQ.

In Abschnitt 5.2 wird FUNCQUADFORMEQUIVy gelost, indem es auf das Losen
einer diagonalen quadratischen Gleichung reduziert wird — ein Algorithmus
dafiir findet sich in [Sim05].

Am Ende werde ich einige verwandte bekannte Resultate {iber quadratische
Forméquivalenz iiber verschiedenen Kérpern aufzidhlen und beschreiben, warum
das Problem kubischer Forméquivalenz wesentlich schwieriger zu sein scheint.
Eventuell handelt es sich dabei sogar um den schwierigsten Grad. In diesem Kon-
text stelle ich des Weiteren einige interessante offene Fragen und Implikationen
vor.

0.2 Komplexitidtstheoretischer Kontext

Abbildung 1 stellt die Hauptresultate dieser Arbeit schematisch dar. Wenn dort
ein Pfeil von einem Problem A auf ein Problem B zeigt, soll dies bedeuten, dass
B € P#, dass also B mithilfe eines Orakels fiir A effizient gelést werden kann.
Ein Zickzack-Pfeil gibt an, dass dafiir aulerdem der Zugriff auf eine Zufallsquelle
notig ist, dass also B € ZPP# gilt. Die Beweise fiir Aussagen schwarzer Pfei-

le sind in dieser Arbeit enthalten, ein Beweis fur FUNCQUADFORMEQUIV@ €

PINTFACT i referenziert.

Das Problem HILBERTSYMBOLq ist zu entscheiden, ob die Gleichung
aX? +bY? = 7?

mit a,b € Q* eine Losung (z,y,2) € Q3 \ {0} hat.

Zur Definition der Probleme SQRTMOD und QUADRESIDUE in Abbildung 1 sei-
en x,n € Z. Wir definieren nun eine Kurzschreibweise fiir ,,x ist ein quadratischer
Rest modulo n“ oder, dquivalent, ,x hat eine Quadratwurzel in Z/nZ*:

tRn = 3s€ Z/nZ : s> =z (mod n).

Isiehe Kapitel 3
2siehe zum Beispiel [Kob77]
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FUNCQUADFORMEQUIVQ QUADFORMEQUIVQ

\

| QUADRESIDUE" l

INTFACT 1' HILBERTSYMBOLg l

Abbildung 1: Schematische Darstellung der Resultate dieser Arbeit

Wenn xRn nicht gilt, schreiben wir zNn. Hiermit definieren wir nun die ge-
nannten Probleme:

QUADRESIDUE := { (z,n) € Z* | 2Rn }

und das zugehorige funktionale Problem SQRTMOD: Finde zu einem gegebenen
x die Wurzel s mit s> = 2 (mod n) oder entscheide, dass es keine gibt.
QUADRESIDUE" ist ein Spezialfall von QUADRESIDUE: In diesem sei n von der
Form pg mit fiir Primzahlen p und ¢ fir die gilt p,g = 1 (mod 4). Weiterhin
seien die Instanzen quadratische Reste beziiglich p und ¢ oder beziiglich keinem
der beiden — wir werden diese Relation durch {p,q }+r notieren und sagen,
dass sich {p,q} quadratisch einig iiber r ist. SQRTMOD" ist die Einschréinkung
von SQRTMOD auf invertierbare Instanzen.

Obwohl die Reduktion von INTFACT zu FUNCQUADFORMEQUIVQ — und dar-
um zu QUADFORMEQUIV — kein neues Resultat ist, ist die Beweistechnik fiir
QuaDFORMEQUIV, € P! némlich der Weg itber HILBERTSYMBOLg, ei-
ne neue Idee. Das Vorkommen von HILBERTSYMBOLg motiviert dann die Suche
nach einer unteren Schranke. Ich werde zeigen, dass QUADRESIDUE" eine solche
ist.

Es sei zudem noch angemerkt, dass ich nicht nur zeigen werde, dass sich das
Hilbert-Symbol mithilfe eines Orakels fiir INTFACT in Polynomialzeit berechnen
lasst, sondern auch, dass es sogar in quadratisch vielen Schritten moglich ist.
Fiir einen Quantencomputer ist HILBERTSYMBOLg mithilfe von Shors Faktori-
sierungsalgorithmus also sogar in O (nﬁ) Schritten moglich:

HILBERTSYMBOLg € BQP.

Die Komplexitdt von QUADRESIDUE ist unbekannt. Die funktionale Version
dieses Problems, SQRTMoOD, fithrt allerdings zu einem effizienten Algorithmus
zum Faktorisieren ganzer Zahlen (siehe Abschnitt 5.3.2), was impliziert, dass
es mindestens so schwierig ist wie INTFACT. Gemeinhin ist dies als praktisch
relativ schwierig oder zumindest von groflem Interesse fiir die Kryptographie
bekannt.

Ein anderer Grund fiir die Annahme, QUADRESIDUE sei schwierig, ist, dass man
fiir generische Ring-Algorithmen — dies sind Algorithmen, die einen Ring nur
iiber eine ,Schnittstelle* fiir Addition, Multiplikation, Invertieren, Vergleichen
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und zufillige Wahl eines Elements verwenden — mithilfe von INTFACT quadra-
tische Reste von Zahlen mit Jacobi-Symbol 1 unterscheiden kann. Ein Beweis
dafiir findet sich in [JS08]. Dort wird zudem gezeigt, dass es keinen effizienten
Ring-Algorithmus fiir das Jacobi-Symbol geben kann. Obwohl die Komplexitét
von QUADRESIDUE also unbekannt ist, muss ein effizienter Algorithmus irgend-
eine zusétzliche Struktur auf Z verwenden.

0.3 Klassifikation quadratischer Formen

Die zentrale Idee des Algorithmus ist eine Klassifikation rationaler quadratischer
Formen, die sehr elegant in [Ser73] ausgearbeitet ist. Ich werde in dieser Arbeit
auf die komplexitatstheoretischen Aspekte dieser Klassifikation eingehen. Es
sei F ein beliebiger Korper, f € F[Xy,...,X,] eine quadratische Form und
B ={by,...,b, } eine Basis von F". Definiere fiir ,y € F"

flx+y) = flz) = fly)
2

Ty =

und ordne der Basis B durch a;; := b;.b; die symmetrische Matrix A = (a;;),;
zu. Dabei stellt sich heraus, dass sich eine Basis wéhlen ldsst, beziiglich welcher
A Diagonalgestalt hat.

Auflerdem lésst sich zeigen, dass die assoziierten quadratischen Moduln genau
dann isomorph sind, wenn die quadratischen Formen nach obiger Definition
dquivalent sind. Die Isomorphie der quadratischen Moduln ist vollstiandig iiber
gewisse Invarianten klassifiziert. Ein Beweis findet sich in Kapitel 4. Die Invari-
anten sind fiir deutschsprachige Leser in Abschnitt 0.6 definiert.

Eine rationale quadratische Form ldsst sich natiirlich auch als Form {iber den
reellen Zahlen R oder iiber den p-adischen Zahlen Q, fiir eine Primzahl p auffas-
sen. Aus Notationsgriinden definieren wir P als die Menge der Primzahlen und
V' als die Menge der Primzahlen zusammen mit dem Symbol co. Wir verwenden
weiterhin die Konvention Q. := R.

Wir sagen, eine Form , f reprasentiert 0 (iiber F)*, wenn es (z1,...,2,) € F™\
{0} gibt, sodass f(z1,...,z,) = 0 gilt, wenn es also eine Nullstelle von f gibt,
die nicht 0 ist. Das Hasse-Minkowski Theorem, auch bekannt als ,,Local-Global-
Principle, sagt nun aus, dass die Form f genau dann 0 iiber Q représentiert,
wenn sie sowohl {iber R als auch iiber allen p-adischen Zahlen 0 repréasentiert. Es
gilt ebenfalls die analoge Aussage fiir Aquivalenz: Fiir zwei quadratische Formen
f,0€Q[Xy,...,X,] gilt also:

f~giber Q & VoveV:f~giber Q,.

0.4 Hilbert-Symbol und Hilbert-Menge

Ein zentrales Resultat dieser Arbeit sind obere und untere Schranken fiir die
Komplexitdt der Berechnung des Hilbert-Symbols iiber rationalen Zahlen.

Definition 0.1. Es sei F ein Kérper und R C F ein Unterring. Die folgen-
de Abbildung soll die nicht triviale Losbarkeit einer quadratischen diagonalen
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Gleichung in drei Variablen mit Koeffizienten in F erfassen:

hR’F(-,-)ZF*XF* — {—1,1}
3 (x,y,2)ER3\{0}:
(a, b) N 1 wenn e byt
—1 sonst.

Fiir den Fall R = F schreiben wir auch hg (-, ) := hpp (-, ), fiir F = Q,,v € V,
auch (-,-), :=hg, (-,-). Die Abbildung (-,-), heit Hilbert-Symbol.

Das Hilbert-Symbol (-, ), ist symmetrisch und bilinear. Diese und weitere niitzliche
Aussagen leiten sich aus dem folgenden, recht technischen, Theorem 0.3 her.
Dort taucht unter anderem das Legendre-Symbol auf, das wie folgt definiert ist:

Definition 0.2 (Legendre-Symbol). Wir notieren das Legendre-Symbol
fir pe P\ {2} durch

(;) 'F, — {-1,0,1}

r > T 2 .

Eine der wichtigsten Eigenschaften des Legendre-Symbols ist: Fiir alle z € F;,

gilt (%) =1 genau dann wenn zRp.

Theorem 0.3. Es seiv € V und a,b € Q). Das Hilbert-Symbol ldsst sich dann
wie folgt berechnen:

Wenn v = co: Es gilt (a,b),, = —1 genau dann wenn a,b < 0.

Wenn v € P: Wir schreiben a = v®*u und b = vPw wobei u und w v-adische
Einheiten sind. Es gilt dann:

Wenn v = 2: (a)b% _ (_1)6(u)e(w)+aw(w)+5w(u)'
Wenn v # 2: (a,b), = (—1)*7 <) (g)ﬁ (2)°.

v

Hier ist (%) das Legendre-Symbol modulo v (also (ﬂ(“)), wobei T: L —

v
F; die kanonische Projektion ist). Weiterhin ist e(u) := “5* und w(u) :=
u?-1
T

Fiir das Hilbert-Symbol gilt zudem die folgende Aussage:
Theorem 0.4 (Hilbert). Fiira,be€ Q* gilt (a,b), =1 fir fast allev € V und

IT (a.0), =1.

veV

Klassische Beweise fiir diesen Satz zeigen erst, dass die Teilmenge von V fiir die
das Hilbert-Symbol gleich —1 ist, endlich ist. In dieser Arbeit werde ich zeigen,
dass diese Menge mithilfe eines Orakels fiir INTFACT sogar in O (n2) Schritten
aufgelistet werden kann (n ist die maximale Bitgrofie der Zéhler und Nenner
von a und b).

Definition 0.5 (Hilbert-Menge). Definiere fiur a,b € Q*:
Hap ={veEV](ab),=~1}.

v
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Mithilfe von Theorem 0.3 lédsst sich das folgende Lemma beweisen, welches,
zusammen mit der Tatsache dass

va7 ba ceE Q* : Ha,bc = Ha,b A Ha,c

gilt, Theorem 0.4 als Korollar liefert. /A bezeichnet hier die symmetrische Dif-
ferenz.

Lemma 0.6. Fira,be PU{—1} ist Hqp wie folgt
(Z) 7‘[_17_1 == {OO7 2}

.. .. (%] wenn p =2 oder € ungerade
(1) Firp € P Hyp = Horp = { {2,p} sonst. g (v) g

. ) _J {2,p} wenn w(p) gerade
(iii). FurpEP\{Q}.”Hp,g—{ & sonst.

(iv). Fir verschiedene p,qg € P\ {2} gilt Hpq C{2,p,q} und [H, 4| = 2.

Unter Zuhilfenahme dieses Lemmas und der Linearitét des Hilbert-Symbols lie-
fert eine Faktorisierung der Zahler und Nenner von a = ig—;, b= ig—; € Q* dann
die Hilbert-Menge H, in polynomieller Zeit. Genauer benétigt man O (nQ)
Schritte wobei n = log (max { a1, ag, b1, b2 }).

Das Hasse-Minkowski-Theorem liefert, dass genau dann aX? 4+ bY?2 — Z? eine
nichttrivale Nullstelle in Q3 hat, wenn sie fiir alle v € V eine nicht triviale
Nullstelle in Q3 hat. Es gilt also, dass fiir a,b € Q*

aX?+bY? = 7?

genau dann eine nicht triviale Losung hat, wenn H,;, = . Dies lésst sich
aufgrund der gerade gefiihrten Argumentation in polynomieller Zeit iiberpriifen,
gesetzt den Fall, dass man in der Lage ist, ganze Zahlen effizient zu faktorisieren.

0.5 Untere Schranke fiir das Hilbert-Symbol

QUADRESIDUE scheint, zumindest ohne ein Orakel fiir INTFACT, ein sehr schwer
zu losendes Problem zu sein. Seine funktionale Version (also Wurzel ziehen mo-
dulo n) liefert beispielsweise einen randomisierten Algorithmus fiir INTFACT,
was ein Hinweis dafiir ist, dass QUADRESIDUE selbst auch relativ schwierig ist.
Wir wollen QUADRESIDUE darum auf den folgenden Spezialfall einschrinken:
Der Modulus n ist Produkt zweier Primzahlen p,q € P, fir die gilt p,g = 1
(mod 4). AuBerdem soll gelten, dass {p, ¢} sich ,quadratisch einig® iiber r ist:

Definition 0.7 (Quadratische Einigkeit). Es sei r € Z-( eine natiirliche
Zahl und @ C Z~ eine endliche Menge natiirlicher Zahlen. Wir sagen, dass @
sich quadratisch einig iiber r ist und schreiben dann Q+ r, wenn jeder Fak-
tor von r entweder ein quadratischer Rest modulo jedem oder keinem Element
von @ ist. Etwas formaler ausgedriickt schreiben wir Q = {ny,...,n;} C Z<o
und die Primfaktorzerlegung von r:

k
r=[]pi keNVie[l:k]:p €P.
i=1
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Dann ist sich @ quadratisch einig iiber r genau dann, wenn fir alle i € [1: k]
gilt:

Vjell:l]: p;Rn; oder Vje[l:1]:p;Nn;.

Abgesehen von einigen Spezialfillen werde ich in dieser Arbeit zeigen, dass r ein
quadratischer Rest modulo n ist genau dann, wenn hg (r,n) = 1 gilt. Dies zeigt,
dass QUADRESIDUE" <,, HILBERTSYMBOLgq. Diese Resultate sind schematisch
in Abbildung 2 dargestellt.

HILBERTSYMBOLQ L

QUADRESIDUE" INTFACT

QUADRESIDUE r

Abbildung 2: Schematische Darstellung der Komplexitét des Hilbert-Symbols

0.6 Invarianten quadratischer Formen

Nun, da wir einen Eindruck von der Komplexitdt des Hilbert-Symbols haben,
wollen wir das Problem quadratischer Forméaquivalenz iiber rationalen Zahlen
entscheiden. Dazu fiihren wir zunéchst einige Invarianten ein. Es wird sich her-
ausstellen, dass diese quadratische rationale Formen schon vollstindig klas-
sifizieren. Dies liefert zunéchst die Entscheidbarkeit quadratischer rationaler
Forméquivalenz. Da sich das Hilbert-Symbol aber mithilfe von INTFACT berech-
nen ldsst, liefern sie weiterhin einen Algorithmus zur Entscheidung quadratischer
Forméquivalenz mithilfe eines Orakels fiir INTFACT. Sei also f eine quadratische
Form, {by,...,b, } eine Basis und -.- das zugehorige Skalarprodukt.

Rang Der Rang einer quadratischen Form f ist definiert als der Rang der
Matrix A wobei, wie oben erwéhnt A := (b;.b;), ; fiir eine Basis {b; },.
Dieser entspricht quasi der minimal ,nétigen* Anzahl von Variablen.

Diskriminante disc (f) := det (A4) in Q/[Q*]Z (hier ist [Q*]* die Menge der
Quadrate in Q*). Die Determinante ist eindeutig bis auf Multiplikation
mit einem Quadrat, da ein Basiswechsel der quadratischen Form mit einer
Matrix X fiir die Determinante eine Multiplikation mit det (X )2 bedeutet.

Signatur Eine quadratische Form mit vollem Rang lasst sich iiber R diagona-
lisieren. Das Paar (r,s), wobei r die Anzahl der positiven Koeffizienten
und s die Anzahl der negativen Koeffizienten ist, heifit Signatur von f.

Hasse-Minkowski-Invariante Fiir v € V definiere

e (Q))" — {#1}
(a1,...,an) — lo;(aisqj),.
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Wenn (V, Q) ein nicht degenerierter quadratischer Modul von Rang n mit
orthogonaler Basis B = {by,...,b, } ist, definiere weiterhin

€(B) = €(b1.bl,...,bn.bn).

Es wird sich herausstellen, dass € unabhéngig von der Basis B ist, es sich
dabei also um eine Invariante handelt.

Diese Invarianten klassifizieren quadratische Forméquivalenz iiber rationalen
Zahlen schon vollstdndig und machen sie damit insbesondere entscheidbar. In
Hinsicht auf die Komplexitit ist die Hasse-Minkowski-Invariante am schwie-
rigsten zu berechnen. Erst ein Orakel fiir das Hilbert-Symbol macht auch sie
polynomiell berechenbar.



Chapter 1

Introduction

1.1 Outline

In this thesis, I will present an elementary algorithm which is able to decide
quadratic rational form equivalence in polynomial time using an oracle for
INTFACT. In this context, a form is a multivariate homogeneous polynomial
of degree 2 and two forms f and g over a field F will be called equivalent if there
exists an invertible linear transformation 7 in the variables such that fo7 = g.
One then writes f ~ g (see Section 2.3 for details). The corresponding decision
problem is

QuapForMEQuivy :={(f,9) | f, g are quadratic forms over F, f ~ g }.

We are especially interested in the case F = Q. In [AS06b] it is shown that
QUADFORMEQUIVQ € EXP. One main result of this work is to improve this
to

QuADFORMEQUIV,, € PN,

Since INTFACT € NP N coNP, this immediately implies
QuapForMEQUIVg € NP N coNP.

The self-contained proof of this statement will only use basic properties of
the Hilbert-symbol (see Chapter 3) and well known facts about p-adic numbers
(see [Kob77]). In addition, my strategy is different from the methods used
in [Har08], where it is shown that even finding the equivalence can be done in
polynomial time using an oracle for INTFACT.

There, it is also proven that if finding the equivalence can be done without
the oracle for INTFACT, one can find /=1 (mod n) in polynomial time. Adding
to this, I will prove that finding the equivalence also implies that INTFACT itself
can be done in randomized polynomial time, which makes it of large practical
interest:

INTFACT € ZPPFUNCQUADFORMEQUIVQ.

Furthermore in Section 5.2 I will give the details about the process of finding
rational quadratic form equivalence. For this, I will make use of the algorithm
presented in [Sim05] to solve diagonal rational equations efficiently.

9
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FUNCQUADFORMEQUIVQ QUADFORMEQUIVQ

Mopn* I QUADRESIDUE"

CcT 1' HILBERTSYMBOLg l

Figure 1.1: Schematic representation of the results of this work

Finally, I will list known results for quadratic form equivalence over different
fields and explain why the problem of cubic form equivalence is much harder to
solve — and may even be the hardest case. In this context, I will also discuss
interesting open questions and their implications.

Figure 1.1 illustrates the results of this work. When an arrow points from
a problem A to a problem B, it means that B € P4 (or B € ZPP# when
indicated by a zigzag arrow). The proofs for black arrows are included in this
work — all others are referenced.

With QUADRESIDUE™ I refer to the special version of QUADRESIDUE where
the modulus n is of the form pg with prime numbers p and ¢ for which it holds
that p,g =1 (mod 4). The instances are quadratic residues modulo both p and
q or neither of them — we will denote this relation as { p,q } Fr and say that
{p,q} quadratically agrees on r.

Even though the reduction from INTFACT to FUNCQUADFORMEQUIVy —
and therefore to QUADFORMEQUIVy — is not a new result, the technique to
prove QUADFORMEQUIV, € P™"™" by taking the path over HILBERTSYMBOLg
is a new idea. The occurence of HILBERTSYMBOLg then motivated to prove the
lower bound QUADRESIDUE" for the Hilbert symbol.

It is also noteworthy that I will not only show that HILBERTSYMBOLg can
be done in polynomial time given an oracle for INTFACT, but also that it only
takes a quadratic number of steps. In terms of quantum computation, it is
well known that Shor’s algorithm factors an integer of bitsize n in O (n3) steps.
So HILBERTSYMBOLg € BQP or, more precisely, one needs O (n6) steps to
calculate the Hilbert symbol for an input of bitsize n on a quantum computer.

The complexity of QUADRESIDUE is unknown. Its functional version though,
which is SQRTMOD, leads to an efficient algorithm to factor integers (see Sec-
tion 5.3.2), which means that it is as hard as INTFACT, which is believed to be
quite hard or, at least, cryptographically interesting.

Another reason for the hardness of QUADRESIDUE is that, in terms of generic
ring algorithms — these are algorithms that use integers only over some sort
of “interface” with calls for addition, multiplication, inversion, comparison and
choosing random elements — INTFACT reduces to distinguish quadratic residues
from numbers with Jacobi symbol 1. This is shown in [JS08]. They also show
that the Jacobi symbol does not have an efficient generic ring algorithm. So even
though the complexity of QUADRESIDUE is not known, an efficient algorithm
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needs to make use of some structure of Z that a general ring does not possess.

1.2 Structure of this work

Here you can find the collected abstract of the differnt chapters

Preliminaries (Chapter 2)
In this chapter, we will give all basic definitions and notations that are
used throughout this work. Additionally some basic results about finite
fields, the Legendre symbol and p-adic numbers are established. If you are
familiar with this topics, you can safely skip this chapter and only refer
to it for reference.

The Hilbert Symbol (Chapter 3)
In this chapter, we will introduce the Hilbert symbol (-, -), and prove some
well-known properties that will afterwards be used to lay the foundation
for the proof of the upper bound

HILBERTSYMBOLg € P™NFACT,
On the way, we define the Hilbert set for a,b € Q* by
Hap ={veV|(ab),=-1}.

We will show that an oracle for INTFACT leads to an algorithm that enu-
merates the Hilbert set in polynomial time.

Classification of Quadratic Forms (Chapter 4)

The goal of this chapter is to understand all preliminaries required for
designing an algorithm which outputs a quadratic form equivalence. This
case is significantly easier than equivalences for higher degree forms, be-
cause quadratic modules, which are closely connected to quadratic forms,
are well-studied and have a lot of structure. We will define a quadratic
module associated to a quadratic form and the isomorphy classes of these
modules will correspond to the equivalence classes of the associated forms.
Ultimately we will prove Witt’s theorem yielding two useful corollaries:

(i). Every quadratic form is equivalent to a form >, a; X?.

(ii). We have a cancellation rule for quadratic forms (the @ will be defined
on the way):

fOh~gOh = [~y
This chapter is based on [Ser73].

Results (Chapter 5)
In this chapter, we will present the details about finding rational quadratic
form equivalence and the proof that INTFACT can be done in randomized
polynomial time if FUNCQUADFORMEQUIV € FP. This lower bound

INTFACT <R FUNCQUADFORMEQUIVQ
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seriously improves the result by [Har08] where it is only shown that one
can calculate v/—1 (mod n) using an oracle for INTFACT and that

FuNncQUADFORMEQUIVy < INTFACT.

Outlook and Open Questions (Chapter 6)
In this chapter, we will give an outlook over possible development in the
future and state some open questions that might be of interest.

1.3 Used literature and resources

The basis of this work is [Ser73]. Additionally, articles by Nitin Saxena et.
al. provided valuable context — you can find references to all of them in the
bibliography.
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Chapter 2

Preliminaries

Abstract

In this chapter, we will give all basic definitions and notations that
are used throughout this work. Additionally some basic results
about finite fields, the Legendre symbol and p-adic numbers are
established. If you are familiar with this topics, you can safely skip
this chapter and only refer to it for reference.

2.1 Basic definitions and notation

Notation 2.1 (General notations). Usually we will use the following sym-
bols in this work: I is a field of arbitrary characteristic, IF, the field with ¢
elements of characteristic p, where ¢ is a power of a prime p. Furthermore,
F[X1,...,X,] is the ring of polynomials in n variables over the field F. Also,
we will use the following sets of numbers:

e N is the set of natural numbers. We use the convention that 0 ¢ N and
denote No :=NU{0}.

e 7 is the set of integers.

e P is the set of primes and V := PU{ 0o } the set of primes together with
the symbol oo.

e Q is the set of rational numbers, which is the quotient field of Z.

e For p € P we denote by Q, the field of p-adic numbers, which is the
completion of Q with respect to the p-adic norm and Cauchy-sequences.
For more details see for example [Kob77].

e R is the set of real numbers, which is the completion of Q with respect to
the absolute value and Cauchy-sequences. Whenever it is convenient, we
will also denote R by Q-

e Every ring in this work will contain a 1 (i.e. a neutral element for multi-
plication).

13
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e For n € Ny we have the set of multiindices Nij. For d € Ny we define the
set of multiindices of norm d:

N :={aeNj ||a], = d}
and respectively
INJ=*:= {a e Nj | |al, < d},
where | (a1, ..., o], = |a1|+.. .+ |. Finally define [N] := |, ey, [N]7%
e For i, j € Z, we define the set of integral numbers from ¢ to j by
[i:4] = [i, 5] N 2.
Sometimes, for shortness of notation, we will use
Glo=1[0:5] and  [j]:=[1:j].
e As a convention we set inf @F := 0o and sup & := —oc.
e For a ring R, we denote by R* the invertible elements of R.
e For n € N we define a subgroup of the multiplicative group of F by

[F*]" == {a™ |z € F* }.

For two functions f,g: R — R we write f = O(g) if and only if

e, 20 €ER50: V z € Rogyt [f(2)| < - g(x)].

Definition 2.2 (Total Degree of a Polynomial). Let f € F[Xy,..., X, ]| be
a polynomial and write f(Xq,...,X,) = EaE[N] aoz® with only finitely many
as # 0, then the (total) degree of f is given by

deg(f) = sup{|af | aa #0}.

Remark 2.3. Note that nonzero constants (elements of F*) have degree 0 and,
since sup { & } := —o0, we have deg (0) = —oo.

Fact 2.4. For polynomials f,g € F[Xy,...,X,] and h € F[z] it holds that

deg (f +g) < max (deg (f),deg(g))
deg (f - g) = deg (f) + deg (g)
deg (h o g) = deg (h) - deg (g).
Remark 2.5. An easy corollary from the last equality in 2.4 is that when you re-

place a variable of a multivariate polynomial by an invertible linear combination
of other variables, the degree does not change.

Definition 2.6. Let R be a ring, I an index set and F' = {f;},.; be a set of
polynomials where f; € R[Xy,...,X,] for any i € I. Then we denote the set of
common zeros by V(F) i.e.

VF)={xzeR"|VfeF: f(x)=0}.
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Remark 2.7. If the ring R in Definition 2.6 actually is a field, Hilbert’s basis
theorem yields that for an arbitrary set F C K[X}, ..., X,,] there exists a finite
subset E C F such that V (F) =V (E).

Definition 2.8. For a,b € Z we say that a divides b if and only if
dk € Z: ak =b.

We then also write a | b. If a ¢ {1,b}, we say that it is a nontrivial divisor
of b. For c € Z we write a=b (mod c¢) or a =, bifc|a—0b.

Algorithm 1 EXTENDED EUCLIDEAN ALGORITHM
Input: a,b € N
Output: (ged(a,bd), s, t) with ged(a,b) = sa + tb
1: set x:=0,s:=1,y:=1,t:=0
2: while b # 0 do
3: set g :=a divbd
set r :=a mod b
set (a,b) := (b,r)
set (z,8) '=(s—q-xz,x)
set (y,t) = (t—q-y,y)
8: end while
9: return (a,s,t)

Lemma 2.9 (Bézout’s Lemma). Va,be Z Is,t € Z:
ged(a,b) = sa + th
Proof. Algorithm 1 yields such numbers. O

Theorem 2.10 (Chinese Remainder Theorem). If m,n € Z are coprime
then

~zrz=a (modn) and
Va,be Z dx € Z: —b (mod m)
or equivalently:

ged(n,m)=1 = Z/nmZ = Z/nZ x Z/mZ .

Theorem 2.11 (Dirichlet Theorem). For all a,m € N with ged (a,m) = 1
there exist infinitely many primes p € P such that p = a (mod m).

Proof. One can find a proof in [Ser73, Chapter IV] O

2.2 Complexity Theory

In this section, we will give an overview of the computational model used in this
work and basic conventions, notations and complexity classes.

Whenever we speak of a Turing machine or an algorithm, we mean a Turing
machine over a finite alphabet with three tapes:
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e input tape: on this tape the input is given.

e output tape: when the machine M stops on an input after a finite number
of steps, the output = has been written on this tape. We denote it by
M (z) and call it the output of M on z. The number of steps a Turing
machine needs to stop is called the time it needs.

e work tape: this is the tape the machine uses during computation.

Of course this machine can perform exactly the same operations as any other
“standard” Turing machine (e.g. with only one tape).

Now mathematical objects, as numbers, graphs and polynomials, can be
encoded as strings of bits. Whenever we give such objects to algorithms, we
mean that we write their encoding on the input tape. We assume a canonical
encoding if it is obvious — e.g. one can encode natural numbers by their binary
representation — and specify it, if it is not. “Writing an object on the input
tape” or “giving it to an algorithm” means running the Turing machine on the
encoding of the object.

A decision problem is a problem that has a boolean answer. A turing
machine decides such a problem L, if it outputs 1 for every x € L and 0 for
every x ¢ L. If such a Turing machine exists, the problem is called decidable,
and undecidable otherwise. We will use the following complexity classes of
decidable problems in this work

e P: problems that can be decided in a polynomial number of steps in the
size of the input.

e EXP: problems that can be decided in an exponential number of steps in
the size of the input.

e NP: for “yes”-instances of problems in this class there exist certificates
which can be checked in polynomial time.

e coNP: for “no”-instances of problems in this class there exist certificates
which can be checked in polynomial time.

Allowing the turing machine to access a source of randomness, yields another
complexity class:

e ZPP: problems that can be decided in a polynomial number of steps in
the size of the input given a source of randomness.

Since we often want to talk about solutions to problems that are more com-
plex than just one bit, we define functional problems in addition to decision
problems.

Definition 2.12 (Functional problems). Let I,C be two sets, called in-
stances and certificates. A binary relation P C I x C is called functional
problem. The set FP consists of functional problems for which there exists a
Turing machine M that runs for every x € I in polynomial time in the size of
x with either (x, M (z)) € P or M (x) is empty, meaning there is no ¢ € C such
that (z,c) € P.
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Definition 2.13 (Oracle Turing machines and complexity classes). Let
L be a language or a functional problem. An oracle Turing machine M7’
with oracle L is a turing machine with an extra tape — the oracle tape —
and three extra states QUERY, ANSWERYES and ANSWERNO. M7’ behaves like
an ordinary Turing machine, except when M enters the QUERY state, with a
word z on the query tape, the content of the oracle tape is replaced (in one
step) as follows:

e If L is a decision problem, the content of the oracle tape is deleted and
the machine continues execution in the ANSWERYES state if x € L and in
the ANSWERNO state otherwise.

e If L is a functional problem, the content of the oracle tape is replaced by
a certificate ¢ such that (x,¢) € L or deleted entirely if no such certificate
exists. In the first case, the next state is ANSWERYES and ANSWERNO
in the latter.

The complexity class of decision problems solvable by an algorithm in class C
with an oracle for a L is denoted by CL.

Notation 2.14. When we are talking about the polynomial reducibility of two
problems A and B, the following terms are equivalent:

e “A<, B”or even “A < B”

e “There exists a (polynomial) reduction from A to B

e “A reduces (polynomially) to B.”

e “A is a problem that is (polynomially) solvable by using an oracle for B.”
If we additionally allow randomness within the reduction, we denote this by

o “A<,r B”oreven “A <g B”
Notation 2.15 (Notation in algorithms).

e Whenever we write assert in an algorithm, the truth value of the state-
ment following is tested. If the statement is true, the algorithm continues
normally and if it is false, the algorithm terminates and returns false.

e Let X be a finite set. When we write x € X in an algorithm, z is chosen
uniformly at random from the set X.

2.3 Polynomial equivalence

Definition 2.16 (Polynomial Equivalence). Let L/F be a field extension.
Two polynomials f,g € F[Xy,...,X,] are said to be equivalent over L if
there exists an invertible linear transformation 7 with coefficients in L. sending
each X; to a linear combination of the X1,..., X,:

fr( Xy, .., Xp) =9(X1,..., Xp).

We then write f ~p g. If L = F, we simply write f ~ g and say that f and
g are equivalent or, if we want to stress the invertible linear transformation,
equivalent via 7.
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Remark 2.17. An invertible linear transformation 7 on the variables of a poly-
nomial f € F[X,...,X,] can also be expressed by a matrix A € Gl,, (L) acting
on F[Xy,...,X,]. So abusing notation a little bit, we can say that

fr~rg <= 3FJA€Gl,(L):foA=y.
In this case, we say that f is equivalent to g via A.
Fact 2.18. The equivalence of polynomials is indeed an equivalence relation.

Proof. For all f,g,h € F[Xy,...,X,]:
Step 1 (Reflexivity). f ~p, f via the identity matrix in Gl, (L).
Step 2 (Symmetry). If f ~p g via A € Gl,, (L) then g ~ f via A7L.

Step 3 (Transitivity). If f ~, g via A € Gl,, (L) and g ~, h via B € Gl,, (L),
then f ~p h via B- A € Gl, (L). O

Example 2.19. Let f = X2 +Y?2 and ¢ = 2X? + 2Y? be polynomials over Q.
For the invertible linear transformation 7 defined by

X—X+Y
Y—X-Y

we have that f o7 =g, so f ~ g over rationals. We could also say, that

G _11> € G, (Q)

is invertible and calculate

H(G ) E) =) =wrw s @ =22 12 =gty

Example 2.20. Consider f,g € Q[X] with f = X? and g = 2X?. Then f and
g are not equivalent over Q but they are equivalent over R via 7 : X — /2X.

Fact 2.21. FEquivalent polynomials have the same degree.

Proof. Let f and g be equivalent polynomials via A € Gl,, (). So A replaces
every variable by a linear combination of X; which does not change the degree
(see Remark 2.5). O

Definition 2.22. For d € N a polynomial f € F[Xq,...,X,] of the form

f(Xy,.. ., X,) = Z aaxr™

a€[N]=4

is called homogeneous polynomial of degree d. Homogeneous polynomials
are also called forms. Furthermore define:

o F[Xy,... ,Xn]:d the forms of degree d.

o F[Xy,... ,Xn]gd the forms of degree at most d.
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In this section, we will state what we exactly mean by “giving a polynomial
to an algorithm” and state the central decision problems of this work. We will
also define other problems that will turn out to be connected to the problem of
form equivalence.

Definition 2.23 (Polynomials as input). We assume every polynomial f €
F[Xq,...,X,] with total degree d to be given in expanded form:

f(Xl’ R 7X7l) = Z ailyuwinxil ..... X’fl”
0<iz+...+in<d

with a;, .. s, € F. This can also be written in a more elegant way:

f(Xl,...,Xn): Z aaXa

ag[N]=d
where X = (X3,...,X,,) and a, € F.
Definition 2.24. We define the following decision problems:

neN, f~yg, }
deg(f) = d =deg(g) [’

2
FORMEQUIV, f := {(f,g) € (IE‘ [Xh...,Xn}:d) neN f~g }

POLYEQUIV p := { (f,9) eF[Xy,..., X, )2

For shortage of notation, we also define:

QUADPOLYEQUIV := POLYEQUIV,
QUADFORMEQUIVy := FORMEQUIV,
CuBicPoLYEQUIVy := POLYEQUIV;
CuBICFORMEQUIVy := FORMEQUIV3

Every such problem also has a canonical functional version: Define the sets of
instances and certificates by

L= (F[Xl,...,Xn]:d)2 C=JCL @

neN neN

and the functional problem of form equivalence:
FUNCFORMEQUIV, 5 :={ ((f,9),A) €[4 xC | foA=g}.
Again, we define

FUNCQUADFORMEQUIVE := FUNCFORMEQUIV,
FuncCuBICFORMEQUIVE := FUNCFORMEQUIV; 5.

Remark 2.25. Note that the size of an instance is not the degree of the form
(which is constant for any problem FORMEQUIV,r or FUNCFORMEQUIV, )
but the number of bits we need, to encode it. This depends on the size of the
coefficients and the number of variables n.
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2.4 Connected problems

It turns out that the complexity of the problem CUBICFORMEQUIV is connected
to the complexity of the problem to decide if two given commutative algebras
are isomorphic or not. So we first formalize, how algebras can be given to an
algorithm as input and then define the problem of commutative algebra isomor-
phism and its local version. Every algebra that we will give to an algorithm
must be finite dimensional.

Definition 2.26 (F-algebras as input). Let F be a field and A be a finitely
dimensional commutative F-algebra with F-basis by,...,b, € A. We now want
to capture the multiplicative structure of the algebra and therefore write every
product of base elements as a linear combination of all base elements:

Vi, j ke [lzn}: Jaijn € F: bib; = Za,’jkbk.
k=1

We call the a;;;, structure coefficients.

Fact 2.27. Let A be an F-algebra with additive basis { b; }ie[l n] and structure

coefficients { a;j }i’j’ke[1 ) then:

A= F[Xy,... ,Xn]/<Xin - Zaiijk> :
i,JE[1: n]

k=1

To specify an isomorphism ¢ : A — B it is sufficient to write for every i the
element ¥(b;) as linear combination of by, ..., by, in B.

Definition 2.28 (Ring decomposition). A ring R is decomposable if there
exist subrings R;, Ro C R such that:

(i). Ri-Ry=Rs - Ry :{O}
(11) RiNRy = {0}
(iil). R= Ry + Ry

We then denote such a ring by R = R; X Rp. The subrings R;, Ry are called
components of R. We say that R decomposes non-trivially if and only if
Ri, Ry # {0,1}. If a ring does not decompose non-trivially, it is called local.
Since every algebra is also a ring, we can also call an algebra local.

Remark 2.29. Often a ring/algebra is called local if it has a unique maximal
ideal. Since our algebras are finite dimensional, this is equivalent to the the
above definition of local by [AM69, Exercise 8.3].

Definition 2.30.

CoMMALGIsOr := {(A, B) | A, B commutative F-algebras with
basis by,...,b, and A= B}
LocaLCoMMALGISOf := {(4, B) | A, B local commutative F-algebras with
basis b1,...,b, and A = B}
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Fact 2.31. The following statements hold trivially:
e FORMEQUIV,r < POLYEQUIV,
e LocALCOMMALGIsOr < COMMALGISOR

e CuBicForMEQUIVF < FORMEQUIV,; f

You can find a discussion about the connection between the form equiva-
lence problems and the algebra isomorphism problems in Section 6.2, especially
interesting is Theorem 6.4.

For the sake of completeness, we will formalize the decision problem of
INTFACT and its functional version here:

Definition 2.32.
INTFACT := { (n,k) € N* | k <nand 3d€ [2:k]: d|n}.

The functional version can be defined as follows: Let the instances be I := N
and the certificates be

C:= X (PxN)".
keN

With these now define

FUNCINTFACT := { (z,((p1,71)s - (Py71))) €I X C
i=1

k
ZZHp:}

Given an oracle for the decision problem, one can easily find the lowest prime
factor of n by binary search:

Algorithm 2 LOWESTPRIMEFACTOR-WITH-INTFACT-ORACLE
Input: n € N
Output: min{pe P |p|n}.
=2
: h =n-—1
while h > [ do
b= [152]
if (n,k) € INTFACT then
h:=k
else
l:=k+1
end if
end while
:if I+ 1| n then
return [+ 1
: else if [ | n then
return |
: else
return n
end if

e i e T
U I S el
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Theorem 2.33. Algorithm 2 is correct and runs in polynomial time in the bit-
size of n.

After we found the lowest prime factor p of an input n, we can find the whole
factorization by applying the algorithm to % repeatedly (since there are only
O (log (n)) prime factors, this method leads to the factorization in polynomial
time).

This can be summarized as follows:

Theorem 2.34.

FUNCINTFACT € FPINTFACT,

In Section 5.3 we will also show that finding a quadratic form equivalence
enables us to take square roots modulo n which implies that INTFACT can be
done in randomized polynomial time — which is shown in Section 5.3.2. The
complexity of the decision version of the problem of finding a square root modulo
n is unknown, see for example Problem 11 in [AM]. We will use this decision
version to lower bound the decision problem of HILBERTSYMBOL, defined in
Definition 3.5. Later we shall see, that this problem will enable us to decide
quadratic rational form equivalence.

Definition 2.35 (quadratic residue / square roots modulo n). Let z,n €
Z. We now define shorthand notation to write that “z is a quadratic residue
modulo n” or, equivalently, that “z has a square root in Z/nZ. We write

tRn = Is€ Z/nZ : s> =x (mod n)
and xNn otherwise. With this, we define
QUADRESIDUE := { (z,n) € Z* | 2Rn } .
Let I := Z? and
I*:={(x,n) €Z* |z € (Z/nZ)" }
be the instances and C := Z be the certificates. Now define
SQrTMoOD := { ((z,n),s) € I x C |z =s> (modn) },
SQrTMoOD" := { ((z,n),s) € I[* x C |z =5 (modn)}.

In contrast, the problem of taking square roots of integral numbers is much
easier to decide and solve. The reason for this is that the natural ordering of Z
can be used for a binary search:

Algorithm 3 INTEGRAL-SQRT
Input: z € Z.
Output: /2 if /2 € Z , false else.

assert z > 0

set z:=2zDIV 2 S:={z}

while 22 # 2 do
set z := (x + (z DIV z)) DIV 2
assert © ¢ S.
set S:=SU{z}

end while

return
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2.5 Finite fields

Notation 2.36. For n € Z and = € F we write:

0 if n=0,
14+...+1 if n >0,
nT . .= Y
n-times
—(1+...+1) ifn<o.
———
n-times

Definition 2.37. A commutative ring R with 1 # 0 € R is called integral
domain if it has no zero divisors i.e. # 2,5y € R\ {0}: z.y = 0.

Remark 2.88. The image of the map ¢: Z — F,n +— n.1 is an integral domain.
Hence ¢(Z) is isomorphic to Z or Z/pZ for a prime p. Its field of fractions is
therefore isomorphic to Q or Z/pZ =: F,. In the first case we say that F is
of characteristic zero and in the second case that F is of characteristic p
denoted by char(F).

Lemma 2.39. It holds that V1 = +1 in F,.
Proof. Since [F; contains no zero-divisors and because
(X-DX+1)=X?-1

we have that X2 —1 =0 if and only X —1 =0 or X + 1 = 0 which is equivalent

to X = £1. O
Lemma 2.40. For a finite field F it holds that p := char (F) is prime and
|]F| = p[F:Fzﬁ} .

Proof. Since F is finite it does not contain Q and therefore has a prime char-
acteristic. Let n = dimp, (F) =: [F,F,] be the dimension of I over F,, which is
finite since F is finite. Let {b1,...,b,} C F be a basis. Now we can write

F=Fp{b,...,bp} = {ZM%‘ \ € Fp}
i=1

and see that |F| = p™. O

Lemma 2.41. If char(F) = p and x € F it holds that
(p> z if k €{0,p}
X =
k 0 else
Proof.

Case 1 (k<0 or k > p). The statement holds by definition of the binomial
coefficient.

Case 2 (k € {0,p}). We have
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Case 3 (0 < k < p). Since p is prime, it divides p! but not k! and therefore
it only divides the numerator, not the denominator. This enables us to
calculate:

P\ . (p—1)! _
(k)'x_(p—k)!k!.&f/_o' O

Definition/Proposition 2.42. The map

oc:F — F

T , mchar(]F)
is called Frobenius and is an isomorphism.

Proof.
Step 1 (Additivity). Let z,y € F, we calculate

oz+y)=(z+yP =2 <Z) Py~ P2 b 4y = o () + o (y)
k=0

Step 2 (Multiplicity). Since fields are commutative, it clearly holds that

o(zy) = (zy)’ = a?y” = o(x)o(y)

Step 3 (Injectivity). Let « € F with o(x) = 2P = 0. Since F is a fields it has
no zero-divisors and z = 0.

Step 4 (Surjectivity). We know that o is injective and as a field-homomorphism
it therefore is surjective. O

Lemma 2.43. For every generator y € Fy the map

F, — I}
T —r Yy

is an isomorphism.

Proof. Since y is a generator, we have that for every 2 € F there exists k, € N
such that y = z¥-. We now define the map

Fy, — F
zZ ykz -1
which is obviously an inverse to the morphism in the statement. O

Corollary 2.44. Lety € F} be a generator and k € Z:

> ot Y

CDGF; :EG]F;

Proof. Simply reindex the sum by the isomorphism from Lemma 2.43. O
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Fact 2.45. Let q be a power of 2, then every element of Fy is a square.

Proof. By Definition/Proposition 2.42 the Frobenius z ~ x? is an automor-
phism of F,. O

Theorem 2.46. Let p € P\ {2} and q be a power of p, then the sequence

L ®

{1} [F:]* ——F; {£1} —— {1}

with

p:Fy — {£1}
A — x(qfl)/z

and the canonical inclusion v is exact.

Proof.

Step 1 (The map ). ¢ is well-defined because of the fact that F; is cyclic
of order ¢ — 1 and Lemma 2.39. Since ¢ (1) = 1, we need to show that
Jy € F;: ¢ (y) = —1 to conclude that ¢ is surjective. So suppose that ¢ is
not surjective i.e. Vo € Fy: p(z) = 1. But since —1 # 1 in Iy, it holds that
not every element in F7 is a square.

Step 2 (Exactness at [F;:). Let Q be an algebraic closure of F,. For x € Fy,
let y € © be such that y? = z (such a y exists, since y is a root of X? —x €
Q[X]). We now claim that

-1 _ *
Yy =1eyel,.
Because then
yeF: &yt =1 M2 =16 p@)=1

which means that z € ker(¢) < x = y? for some y € . To prove the claim,
note that y is a fixpoint of the Frobenius and since F,[y] is a finite extension
of F, the group Autg, (F,[y]) is cyclic and generated by the Frobenius. So
there exists only one F,-automorphism of F,[y] meaning that F, = F,[y] and
y € IFy.

Remark 2.47. 1If ¢ = p, the exactness at F; — i.e. im (1) = ker (p) — means
that the numbers = where 2 ®~1/2 = 1 are exactly the squares in Fy.

Remark 2.48. Theorem 2.46 can be reformulated to “for p # 2 we have that

2, . . . .
[F;] is a subgroup of index 2 in F;” since the short exact sequence induces an
isomorphism

F; /[F;)" = {+1}

which means that half of the elements of F; are squares.
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2.6 Legendre symbol

Definition 2.49 (Legendre symbol). For p € P\ {2} we denote the Leg-
endre symbol by

(;) 'F, — {-1,0,1}

r — T 2

Lemma 2.50 (Properties of the Legendre symbol). Letp be an odd prime

(i). For x € Fy, (%) ==+1.

(i1). For xz,y € F,: (%) (%) = (%)

(iti). Forz e Fy: (2) =1 e ae [F;)’

(iv). Ify is a square root x € [} in an algebraic closure of ¥y, then (%) =qyr L

Remark 2.51. Since the Legendre symbol is linear in the upper argument and
evaluates to 1 for squares, it can also be interpreted as a map

Fy/[F;]* = {-1,0,1}.
Proof.

(i). The map ¢ defined in Theorem 2.46 agrees with the Legende symbol on
F*.
q

(ii). For z =0 or y = 0 the statement is trivial and so it is for z,y € Fy:

(2)(2) == === (2)

(iii). Clear by Remark 2.47.

(iv). Since y? = z, one gets:

<£C> — xpTil — yp_l O
p

Definition 2.52 (Some Homomorphisms to Z/2Z). Define the maps

(LML) — 2j2m o @ (ZSL) — 222

n—. n-—1
n»—>2 nr—>8.

Fact 2.53 (Values of ¢ and w for odd integers). It holds that
€(1) =0, e(—-1) = -1, w(£l) =w(£3) =0, w(£5) =1.
This can be reformulated as

[0 ifn=1 (mod4) [0 ifn=+£l (mod38)
€(n)_{1 if n=-1 (mod 4) w(n)—{l if n=45 (mod 8)
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Theorem 2.54. The following formulas hold:
(@) (1) =1

(i) (3) = (-0

(iii). (2) = (=1)=®

Proof. (i) (%) —1% =1

(). (5) =0 = ().

(iii). Let © be an algebraic closure of F,, and a € € be an 8th root of unity.
Then the element y = a 4+ a~! verifies y2 = 2, because a* = —1 implies
a? + a2 =0. We have

Yy =af +a’P.

If p mod £ 1 (mod 8), this implies y? = y, thus (1%) =Pt = 1. If
p = %5 (mod 8), one finds y* = a® + a™® = — (a + a_l) = —y — this
again follows from a* = —1. We deduce from this that y?~' = —1, which
implies the statement. O
Remark 2.55. Theorem 2.54 translates to
e 1is a square modulo p if and only if p =1 (mod 4).

e 2 is a square modulo p if and only if p = +1 (mod 8).

Theorem 2.56. The Legendre symbol can be calculated in linear time in the
bitsize of the input.

Proof. Let p € P\ {2} and = € F,. One simply calculates (%) = 2" by
square-and-multiply. Additionally reduce modulo p in every step, such that the
quantity does not become too large. O

Theorem 2.57 (Quadratic reciprocity law). For distinct p,l € P\ {2} :

(17?) _ (;) (1)@

Proof. Let Q be an algebraic closure of F), and w € € be a primitive [-th root
of unity. Now define

T )
zelF;

which is well defined, since by definition we have of w that w! = 1 and therefore
that the w® are well defined. We will now prove two statements:
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(i). 2= (-1

(ii). y*~t = (%).

which together imply the theorem:

() = () () )

p
SR ORENG

2.50(i)

(
(i). First note that
() (D)2 )
(

x€F; z,z€F;

If t # 0 we have

(222) 2 () () e ().

z (7))

This two equalities imply:

e(l Z W e(l (

u€elF; teF;
-1
_ 1)<® e (Lo ut
-geer (g (5)
u€lf, tE]F?
u 1—ut™! u
-y [ E () ) - e
u€l; teF; u€l,

Ztep (1 ut_ ) Now note that

00226)21—1

teF;

where C,,

and for u # 0 perform an index shift s := 1 — ut~! to get

- ()= 2 ()

seF\{1}

260
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s\ .
where > g, (7) = 0 because in F; there are as many squares as non
squares. Hence we calculate

(_I)E(l)y2: Zcuwu:CO+ ZCUWUZZ—l— Zwu:l,

u€l; ueF; uEF;
finally implying the statement y? = [ (—1)".

(ii). Since Q is of characteristic p, we have

implying y*~* = (%). O
One can generalize the Legendre symbol to the Jacobi symbol that is defined
not only for odd primes p but for odd integers greater than 1:

Definition 2.58 (Jacobi symbol). For n € N with prime factorization n =
[T;_, pi* where p; € P and pairwise different we define the Jacobi symbol as
the map

(+/n):Z — {1,0,—1}T_
a +— HLl(ﬁ)

Remark 2.59. If n is prime in the above definition, the Jacobi symbol coincides
with the Legendre symbol. This is the reason why they are often both denoted

by (2). We will stick to the notation (%) for the Legendre symbol and (a/n)
for the Jacobi symbol.

Remark 2.60. The definition that reduces the Legendre symbol to the Jacobi
symbol stated above is not feasible to formulate an efficient algorithm for the Ja-
cobi symbol since the factorization of n is needed. Nevertheless, the Jacobi sym-
bol can be calculated efficiently: The fastes known algorithm — also in terms of
implementation and practice — is given in [BZ10] and runs in O (M (n) log (n))
where M (n) denotes the time needed to multiply two n-bit numbers. Since for
n € P, the Jacobi symbol coincides with the Legendre symbol, this statement
renders Theorem 2.56 more precisely.

2.7 Group of Norms

In linear algebra, one defines the determinant of an endomorphism as follows:
For an n-dimensional F-vector space V we can choose a basis and write an
endomorphism ¢: V — V as a matrix A = (aij)lgi,jgn € F™*" with respect
to this basis. Now the determinant of ¢ is defined as the determinant of this
matrix, which is independent of the chosen basis.

det (p) :=det (A) := Z sgn () H Air (i)

TESH

where S, is the group of permutations on the numbers [n].
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Definition 2.61 (Norm with respect to an algebraic extension).
Let L/F be a finite algebraic field extension — which means that L is a finite
dimensional F-vector space — and for every a € IL define a map

me: L — L
r — a-T

which is an F-linear endomorphism of .. The norm with respect to the
algebraic extension L/F is defined as

N]L/]F (O{) = det (ma) .

Remark 2.62. The Norm with respect to a field extension is not to be confused
with the norms that are used to complete Q which then yield p-adic numbers
Q, or the real numbers R (see for example [Kob77]).

Fact 2.63. A norm with respect to a field extension is multiplicative.
Proof. This directly follows from the multiplicativity of the determinant. O
Fact 2.64. The set Ny (L") is a multiplicative abelian subgroup of L.
Proof. For a,b € L*, we have by Fact 2.63 that
Ny sk (@) Nyyr (b) = Nyr (ab) € Ny (L7)

Furthemore we have that 1 = N r (1) € Ny (L") and that for any a € L* it
holds that

Niyw (@) Nyjr (a7') = Nyjp (aa™') = Nyjp (1) =1,
which means that Np /g (a)f1 = Np/r (ail) € Ny (L). Commutativity is
inherited from the muliplicative group of the field L. O
2.8 Chevalley-Warning Theorem

Definition 2.65. We define for n € N the sum function

S: {Fr »F,} — F,

Lemma 2.66. For k € Ny it holds that:

-1 ifk>land g—11k

() = {0 else.

Where we agree that 00 = 1.

Proof. We distinguish different cases for k € Ny:

Case 1 (k= 0). In this case, all summands are equal to 1, hence S(X*) =
g.1 = 0 because I, is of characteristic p and ¢ is a multiple of p.
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Case 2 (k> 1 and g — 1| k). We have for any = € F:
% 0 ifx=0
xTr =
1 ifx#0
hence S (X*) =(q—1)1=¢1-11=0-1=-1.

Case 3 (k> 1 and ¢ — 11 k). Since ¢ — 1 is the order of the cyclic group Fy,
there exists y € Fy such that y*¥ # 1. We calculate

S(x*) = Z zF = Z Py Z yrak = yFS(XF)
z€lFy z€Fy z€eFy
to get (1 — y*)S(X*) = 0 which implies that S(X*) = 0. O

Fact/Definition 2.67. Let F' C F[Xy,..., X,] be a finite set of polynomials.
Define the function

xro= [[—rh.

fer
In the case IF = I, this is the characteristic function of the vanishing set of F":

1 ifzeV(F),

e elyxr (@)= {0 itz ¢ V(F).

Proof. Let x € Fy be arbitrary. If z € V(F'), every f is zero at  and hence
xr(z) =1. If x ¢ V(F) on the other hand, there exists an f € F s.t. f(z) # 1
and hence (f(z))!"" = 1 implying xr(z) = 0. O

Corollary 2.68. For a finite set of polynomials F C Fy[Xq,...,X,] it holds
that

[V(F)| = S(xr) (mod p).
Lemma 2.69. Let a = (ai,...,a,) € N be a multiindez. It holds that
die[l:n]: S(X)=0 = SX%=0.
Proof.

S(X) = 3 et

(z1,...,x0 ) EFY

— E E (5] Oy
— xl ...xnw

(T4 ey Biyerytn ) EFG 1 Ti€Fg
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Theorem 2.70 (Chevalley—Warning). Forany F' C Fy[X,...,X,] we have
Sdeg(f)<n = [V(F)|=0 (mod p).
feF

Proof. First notice that the condition )~ ,c » deg(f) < n implies that F' is finite,
since IF; is finite and there are only finitely many degree bounded polynomials.
By Corollary 2.68 it is left to show that

S(xr) =0 (mod p).
For the degree of yr we calculate:
deg(xr) < Y (g—1)-deg(f) = (g—1) Y _ deg(f) < (¢ — 1)n.
fer fer
Thus xr is a linear combination of monomials:
XF = Z agX® for a, €F.
ag[N]<nla=D)

By the pigeonhole principle, we therefore have that there is at least one i € [1: n]
such that o; < ¢ — 1. Lemma 2.69 consequently implies that S(X%) = 0. Now
calculate

S =Y Y aw”

relfn aE[N]<"(q71)

= Z aaZ:ca

QG[N]Oz(q—l) zEFn
= Z A S(XCK) - 0 D
OCG[N]<n(q—1) 2£90

Corollary 2.71. Let FF C Fy[Xy,..., X,] with 3 pdeg(f) <n andno f € F'
have a constant term, then there exists a nontrivial common zero, i.e.

Jz e V(F)\{0}.
Proof. Since 1 = |{ 0} is not divisible by p, we have |V (F)| # [{0}|. O

Corollary 2.72. All quadratic forms over Fq in at least 3 variables have a
nontrivial zero.

Remark 2.73. In geometric language Corollary 2.72 means that every conic over
a finite field has a rational point.

2.9 p-adic numbers

Let p be a prime number in this section. We will introduce the ring Z, of
so called p-adic integers and the field Q, of so called p-adic numbers. They
are widely used in number theory and can be thought of as the attempt to
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calculate in Z/pZ but without losing information. We will also make use of
them to define the Hilbert symbol in Chapter 3. One can define p-adic numbers
algebraically — as an inverse limit — or analytically — as the completion of Q
with respect to a so-called non-Archimedean norm. In this chapter, we will give
the algebraic approach, for a more detailed one that constructs them in analogy
to the construction of R from Q, see [Kob77].

Definition 2.74 (Inverse System). Let (I, <) be a directed partially ordered
set and (A4;);er be a family of rings. Furthermore let f;; : A; — A; for all i < j
be a family of homomorphishms with the following properties:

(i). Viel: fi; =1ida,,
(ii). Vie I withi <j<k: fix = fijo fir

The pair ((Ai)ier, (fij)i<jer) is called an inverse system of rings and mor-
phisms over I (or shorter an inverse system over I) and the morphisms f;;
are called transition morphisms of the system.

Remark 2.75. An inverse systems/limit is often also called projective sys-
tem/limit.

Definition 2.76 (Inverse Limit). Let ((A;)icr, (fij)i<jer) be an inverse sys-
tem. The following subring of the direct product is called inverse limit:

{El(A,) = {a S HAZ

i€l i€l

a; = fij(a;) Vi Sj}

where a; denotes the i-th component of a € [[;.; 4;.
Lemma 2.77. Let (D,, f,) be a inverse system over N. Then we have

VneN: D, # J and |D,|<oco = lim(D;)# J.
—

i€N
Proof. For ease of notation set

—
ieN

Vn,pe Nt fopi=fog10--0 fnyp and  Dyp = fnp(Dntp)

First we observe the statement for the case that the f,, : D,, — D,_1 are sur-
jective: Since D7 is non-empty we can choose d; € D7 and since f5 is surjective,
we can find a pre-image in Dsy. This process can be continued inductively to
obtain an element in D implying that D # &.

We now reduce the lemma, to this special case. For a fixed n, the D,, , form a
decreasing family of finite non-empty subsets. Since D, , as a subset of a finite
set is finite, the sequence of natural numbers |D,, ,| is decreasing. But the D,, ,,
are non-empty and this sequence is therefore bounded by 1, hence convergent.
So for any n € N, this means that there exists an N,, € N such that for every
p € N>y, we have Dy, , = D,, pt1. Set p := max{N,, N,_1 } and E,, :== D, n,
— which is non-empty — and note that E,, C D,,. Now define g, := fu|g,
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as the restriction of f, to this limit set F, to get the following commutative
diagram

Dn+p

frp

In
En En—l

The surjectivity of g, follows by the commutativity:

En—l = Dn—l,p = fn—l,p (Dn+p) = fn (fn,p (Dn+p)) = fn (En) = 0n (En) .

By the remark made at the beginning, the limit E of (E,,g,) is non-empty.
Finally by the functoriality of the inverse limit we have that £ C D. This
ultimatly implies that D is non-empty. O

Fact/Definition 2.78 (p-adic integers). Forn > 1 define A,, := Z/p"Z and
denote the canonical projection by =, : A,, = A, _1. The sequence

e Tn—1 T3

n 2
L Ay > A

Ay Ay

forms a inverse system over N (silently add the identities and all compositions).
Its” inverse limit is called the set of p-adic integers which is denoted by Z,.
Every element x € Z,, is a sequence

Tn €Ay =2Z/p"Z VYneN and

= (Tp)neny = (x1,22,...) with o (@n) = T 1 Y

Note that Z, equiped with a coordinate-wise addition and multiplication be-
comes a ring, i.e. a subring of the product [],.y An. Every integer m € N
defines such a sequence (x,)nen by setting for every n € N:

Zp =m (mod p").

This makes Z a subring of Z,,. If we want to stress the difference, we will call Z
rational integers in contrary to p-adic integers. The sum of two p-adic integers
that are defined by rational integers is the p-adic integer that is defined by
the sum of the two rational integers. Furthemore equip A, with the discrete
topology and note that Z, C ],y An is compact.

Proof. First we note that the system above is a inverse system by construction:
We silently added the identities so (i) in Definition 2.74 is fullfilled; similarly
(ii) is true since we also added all compositions of 7, which trivially satisfy this
property. The coordinates-wise addition and multiplication on Z, makes it a
ring because these operations commute with the modulo operation. Finally Z,
is closed in a product of compact spaces and is therefore compact. O
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Example 2.79. The rational integer 35 defines the 2-adic integer
(1,3,3,3,3,35,35,...)
and the 2-adic defined by 77 is
(1,1,5,13,13,13,77,77,...).
The sum of this two 2-adic integers is

(1, 3, 3, 33, 35 35 35 35 ..)
+ (1, 1, 5, 13, 13, 13, 77, 77, ..)
= (0, 0, 0, 0, 16, 48, 112, 112, ..)

which is exactly the 2-adic defined by 112.
Example 2.80. The 3-adics defined by 35 and 77 are
(2,8,8,35,35,...) and (2,5,23,77,77,...).

Fact 2.81.

(7). (pk) =pF forn,k e Nwithn > 1, k> 0.

(ii). ker (m,) = p" 1A, forn € N withn > 1.
Proof.

(i). This is clear.

(ii). One calculates

ker () :={x € Z/p"Z | 7n(z) =0}
={p" 'y |lyeZ/p"L }=p" A, O

Proposition 2.82. For every n € N, the sequence of abelian groups

0 Z, Z, A, 0
where
Pt Ly — Ly en:ly — Ay
. and
Tz — p'z (x1,29,...) — x4
s exact.

Proof. The exactness is equivalent to the following four statements:

Step 1 (ker (p™) =0). Let * = (x1,22,...) € Z, with pr = 0 or, in other
words, Vk € N: prpy; = 0. This means that x;; is of the form p*ypiq
with ygy1 € Apy1. We then calculate for k£ € N:

_ 2.81(3) 5
T = Tk+1 (ark+1) = Tk+4+1 (pk 1yk+1) =" pk 17Tk+1 (ka) = 0.

Consequently, pr = 0 implies that x = 0 and therefore p”z = 0 implies that
z=0.
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Step 2 (im (p™)
Step 3 (ker (e,)

implies

ker (e,)). Obviously €, (p"Z,) = {0}.

c
Cim (p")). Let & = (x1,22,...) € ker (&,) i.e. €5(x) = 0 which

VYm>n:x, =0 (modp").

We can now take for every m > n the preimage y,,_n € Ap_n of x,, under
the isomorphism A,, _, — p"Z/p™Z C A,,. This means that z,, = p"Ym—n.
The Y,—r define a sequence y := (y1, Y2, ...) which is an element of Z, and
one calculates p"y = x

Step 4 (ker (¢,,) C im (p™)). (im (e,) = Ay): €, is defined as the projection on
the n-th component, which is exactly A,,. O

Corollary 2.83. For every n € N it holds that
LIp"L = Lp[p" Ly
Lemma 2.84. Vx € Z,: x € Z, < pfx.

Proof. We will show the statement for A, which will imply the result for Z,.
Solet # :==mpo0---ome : A, — Ay = Z/pZ = T, be the projection and
x€A,=7Z/p"L.

First assume that © € A%. This means that dy € A,,: zy = 1 which still
holds after applying m. So w(z) and 7 (y) are invertible in [F,, and therefore x
and y are not divisible by p.

Now assume that p { z. This means = ¢ pA, and therefore z # 0 in F,
or m(z) € Fy. This means that 3b € A, with x = 7(z) + bp. Now choose a
preimage y of ! under 7 and calculate:

x = w(x)+bp
& xy = 1+bpy
&S xy = 1—pz

for z := —yb. One has
(1—p2)A+pz+...+p~ ) =1
which proves that y(1+ pz + ...+ p"~12"71) is the inverse of z in A,,. O
Definition 2.85. We call the invertible elements of Z, p-adic units.
Proposition 2.86 (Decomposition in Z,). Vx € Z,\ {0}:
EIuGZ;,HInZO: x=7p"u

Proof. If x € Z, is not zero, there exists a large n s.t. €,(z) # 0. Now let n
be minimal with this property and write * = p™u where u is not divisible by
p- By Lemma 2.84 this implies u € Z7. The uniqueness of the decomposition is
obvious. O

Notation 2.87. Let x € Z, \ {0} and write it in the form p"u with v € Z.
The integer n is called the p-adic valuation of z and we denote it by ord,(z).

We put ord,(0) = oo and can (symbolically) write
ord,(zy) = ordp(z) + ord,y(y) and ordy(xz +y) > inf (ord,(x), ord,(y)) .
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Remark 2.88. One can use the p-adic valuation to define a norm that satsifies
a stronger version of the triangle inequality: |z 4+ y| < max{|z|,|y|}. Such
norms are called non-Archimedean. Ostrowski’s theorem states that — up to
equivalence of norms — the only norms on Q are the absolute value and such
non-Archimedean norms.

Fact 2.89. For the p-adic valuation it holds that for all x € Zy:
x € p"Zy < ordy(z) > n.

Proof. The statement is trivial for z = 0 so let 2 # 0 and decompose z = p*u
as in Proposition 2.86 (i.e. k = ord,(z) and u € Zj). Now apparently x € p"Z,
is equivalent to k > n. [

Corollary 2.90. Z, is an integral domain.

Proof. Suppose that Z,, is not an integral domain, then there exist z,y € Z, \
{0} with zy = 0. With the formula from Notation 2.87 we calculate

oo = ord,(0) = ord,(zy) = ord,(x) + ord,(y)
but since z, y # 0 we know that ord,(z), ord,(y) # oo which is a contradiction.[]
Proposition 2.91. The topology on Z, can be defined by the distance
d(a, ) = por @),
The ring Z, then becomes a complete metric space in which Z is dense.

Proof. This follows from the equivalent definition of p-adic numbers as a com-
pletion of Q with respect to the p-adic norm. Details can for example be found
in [Kob77]. O

Definition 2.92 (p-adic numbers). The field of fractions of Z,, is called the
field of p-adic numbers and denoted by Q,.

Fact 2.93. In analogy to Proposition 2.86 every element x € Q, can be written
uniquely as x = p"u withn € Z and u € Z,,. We also extend the p-adic valuation
defined in Notation 2.87 to Q. One has ord, (z) > 0 if and only if v € Z,.

Proposition 2.94. The field Z, together with the topology defined by

d:Q,xQ, — R
(z,y) > pordel@=y)

is locally compact and contains Z,, as an open subring. The field Q is dense in

Qp.

Proof. Again, this can be seen easily if one defines p-adic numbers as it is done
in [Kob77]. O

Notation 2.95. For a polynomial f € Z,[Xq,...,X,,] and n € N, we denote
by f. the polynomial with coefficients in A,, (see Fact/Definition 2.78) obtained
by reduction modulo p™ and Corollary 2.83.
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Proposition 2.96. For {f(i) }ieI CZp|X1,...,Xn] it holds that

() ke = e (0], v

Proof. Define

D=V ({ £ }) and  Vn€Nsi: D, =V ({ 7 }H> .

and note that D,, is finite since A,, is finite. By the functoriality of the inverse
limit, we have D = lim(D,,). The statement then follows from Lemma 2.77. O
—

Fact/Definition 2.97. x = (v1,...,2y,) € Z; is called primitive if one of the
x; is invertible, that is, if the z; are not all divisible by p.
Proof. Obvious by Lemma 2.84. O

Proposition 2.98. Let {f(i) }Z.GI C Zp[X1,...,Xn] be a set of homogeneous
polynomials. Then the following statements are equivalent:

(i). The f% have a nontrivial common zero in Q-
(ii). The 9 have a common primitive zero in Z7".

(iii). ¥n € Nsq : the fr(f) have a common primitive zero in A%

Proof.

Step 1 ((ii) = (i)). Primitive zeros in Z;' are nontrivial in Q).

Step 2 ((i) = (ii)). Let x = (x1,..., %) be a nontrivial common zero of the
F, put

h = min (ord,(x1), .. .,ordy(z,,)) and y = p "z.

Now y € Z;* and is a primitive zero of all the f,
Step 3 ((i1) < (i7i)). Follows from Proposition 2.96. O

2.10 Hensel’s lemma

In this section, we will prove some lemmas that enable us to “lift” a solution of
a polynomial equation modulo some prime p to a unique solution modulo some
higher power of p. We start with a version for Z/pZ and continue with versions
for p-adic integers also covering the multivariate case.

Lemma 2.99 (Hensel’s lemma for modular arithmetic). Let f € Z[X]
and k,m € Z~q such that k < m. For any x € Z with

f()=0 (mod p™) and f'(z)#0 (mod p)
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there exists y € Z with y =z (mod p™) such that
fly) =0 (mod p™**).

Furthermore y is unique modulo p™* and can be computed by the formula

f(z)
pm

(f'@).

y=x+1tp™ where t = —

In this formula, f(x) is divisible by p™, so the fraction is an ordinary integer
division. All other operations — addition, multiplication and additional and
multiplicative inversion — are meant as operations performed in 7 /p"Z .

Proof. Let t € Z be arbitrary, set y = x+tp™ and consider the Taylor expansion
of f around x:

fla+tp™) = fla) +tp"f'(x) + O (p*™).
Since we want f(y) =0 (mod p™**) we get
0= f(z+tp™) = f(z) +tp"f'(x) (mod p™*F)

where O (p27”) vanishes because m-+k < 2m. Then we note that for some z € Z
we have f(z) = zp™ and get

0=f(y)=(z+tf (z))p™ (mod p™**) «— 0=z+tf (z) (mod p").

We now substitute z = % and solve the equation for ¢ which is possible since

f'(z) is not divisible by p and therefore has an unique inverse in Z / pF7Z. This
implies the existence and uniqueness of y and finishes the proof. O

Lemma 2.100 (Hensel’s lemma for p-adic numbers). Let f € Z, [X] and
m, k € Z such that 0 < 2k < m. Then for any x € Z, with

f(z)=0 (modp™) and ord,(f'(z)) =k
there exists y € Z,, withy =z (mod p™~F) such that
fy)=0 (modp™™t) and ord,(f'(y)) = k.

Proof. Let t € Z, be arbitrary, set y = = + tp™~* and consider the Taylor
expansion of f around z:

o+t ") = f(2) + tp" 7 f (@) + O™ ).
Since we want f(y) =0 (mod p™*t*) we get
0=f(y)=f(z+tp™ ") =fla)+tp™ " f'(x) (modp™H)

where O(p?™~*)) vanishes because 2k < m < 2(m — k) > m + 1. By the
assumptions we have that there exists z € Z;, and ¢ € Zj, such that f () = zp™
and f'(x) = cp®. This gives

0=z2p™ +tp™ FepP =p™ (2 +tc) (mod p™t) & 0=z+tc (modp).
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Since c is invertible in Z,, we can choose t = —zc~! implying that

y=x—zc pmk,
which satisfies f (y) =0 (mod p™*!). Now apply Taylor’s formula to f’ at y to
obtain

I') =1 (o= 29" F) = [(@) + 27" (@) + 0P,

Reduction modulo p™~* yields that f’ (y) = ¢p* (mod p™~*). Since m > 2k <
m —k > k we get ord, (f'(y)) = k. O

Theorem 2.101 (Hensel’s multivariate lemma for p-adic numbers). Let
feZyXq,....,X,) and m,k € Z,j € [0:n] such that 0 < 2k < m. Then for
any x € Z," with

f(@)=0 (modp™) and ord, <;}J; (:c)) =k

there exists y € Zy* with y = x (mod p™ k) such that f (y) =0 in Z,.

Proof. We first cover the univariat case n = 1. Apply the above lemma to
70 = 2 to obtain () € Z,, with () = 2(® (mod p"~*) with

f (x(l)) =0 (modp"*') and ord, (f' (x(l))) =k.

We can repeat this process with z(!) after replacing n by n + 1. Arguing in-

ducitvely, we construct a sequence (x(i))i Mo such that for every ¢ € Ny:

2t = 40 (mod p"*t*=*) and  f (x(i)) =0 (mod p"*%).

Since this is a Cauchy sequence we can call its limit y. We have f(y) = 0 and
y = (mod p"~*), hence the statement for m = 1.

Now let n > 1. We are going to reduce this case to n = 1 by modifying
only z;: Let g € Z,[X,] obtained from f by plugging in z; for X; for every
i€[0:n]\{j} The above now gives us a y; € Z, with y; = z; (mod p"~*)
and g (y;) = 0. Now put y; = z; for i € [0:n] \ {j}. The element y = (y;);_,
now satisfies the desired property. O

The following corollary is the reason Hensel’s lemma is often refered to as
Hensel’s lifting lemma:

Corollary 2.102. Simple zeros modulo p of a polynomial lift to zeros of f with
coefficients in Z, (simple zeros are zeros where at least one partial derivative is
nonzero).

Proof. This is the special case m = 1 and k£ = 0 of Theorem 2.101. O

Corollary 2.103. Let a € Zy, f(X) = >, ;ai; X;X; € Zy[Xa,..., X,] such
that Vi,j: a;j = aj; or, in other words, the matriz A := (a;;),; is symmetric. It
holds that:

ij



2.11. THE MULTIPLICATIVE GROUP OF Qp 41

(i). If p # 2 and det (A) € Zy: Every primitive solution x € Z;, of the equation
f(x) = a (mod p) lifts to a true solution.

(ii). If p = 2: FEvery primitive solution x € ZY of the equation f(x) = a

(mod 8) that does not annihilate all partial derivatives 687)42 modulo 4 lifts

to a true solution. This condition is fulfilled if det (A) is invertible.
det (A) is often called the discriminant of f.

Proof. Since a;; = aj; we have

of g i
Vke[l:n]: 87k:zzaijj =2(A] :
Jj=1 X
n) /K
As x = (x1,...,x,) is primitive, there exists k such that z; Z 0 (mod p). Since
det (A) # 0 (mod p) we see that
X1
myi=[A] : Z0 (mod p).
Xn

k
We know that 2my = % and distinguish the following cases

Case 1 (p #2). As we have 2my £ 0 (mod p), = does not annhiliate all the
partial derivatives of f modulo p and Corollary 2.102 yields the result.

Case 2 (p =2). From my, # 0 (mod 2) it follows that 2my # 0 (mod 4) and
Theorem 2.101 with m = 3 and k = 1 yields the statement. O

2.11 The multiplicative group of Q,
Define for every n € N
Uy, =14 p"Zy.

and

en: Ly — (Z/p"L)"
(...,253,22,21) +— Zp.

Observe that U, = ker (e,). In particular we have Z%/U; = F, hence it is
cyclic of order p — 1. (Uy), ¢y i a decreasing sequence of open subgroups of Z,
and

Zy= lim (Z;/U,).
"'€E21

For n > 1, the map 1+ p"x +— = (mod p) defines an isomorphism U, /U,+1 —
Z/pZ by the following formula:

(1+p"e) (L +p"y) =1+p "z +y (mod p"*).
Induction on n then yields that |Uy /U, | = p"~ 1.
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Lemma 2.104. Let0 - A — E — B — 0 be an exact sequence of commutative
groups (denoted additively) with A and B finite of orders a and b prime to each
other. Let B :=={x € E |bx=0}. Then E = A® B’. Moreover B’ is the only
subgroup of E isomorphic to B.

Proof. Since a and b are relatively prime to each other Bézout’s Lemma yields
that there exist r,s € Z with ar + bs =1. If x € AN B’, we have ax = bx = 0,
hence (ar + bs)z = x = 0 and AN B’ = {0}. Moreover all z € E can be
written as @ = arz + bsx, since bB’ = {0}, we have bE C A, hence bsz € A.
On the other hand, from abE = {0} follows that arz € B’. Hence we see that
E = A@® B’ and the projection F — B defines an isomorphism of B’ onto B.
Conversely, if B” is a subgroup of E isomorphic to B, we have bB” = {0} hence
B" C B’ and B"” = B’ since they have the same order. O

Proposition 2.105. We have Z,, =V x Uy where V. = {x €Z, | Pl = 1}
is the unique subgroup of Z, isomorphic to IFy.

Proof. Observe that the following sequence is exact
1= U, /U, = Z; /U, = F; =1,

and furthermore that |Uy/U,| = p"~! and |Fj| = p — 1. Then Lemma 2.104

yields that Zj / Un containes a unique subgroup V, with V,, = F} and the
projection

Zy |Un — L [Un 4
carries V,, isomorphically onto V,,_;. Since

Z;, = lim(Z; /Un),

we get that V' is a subgroup of Z; isomorphic to Fy. Passing to the limit, we
have Z; =V x Uy. The uniqueness of V' follows from the uniqueness of V,,. [

Corollary 2.106. The field Q, contains the (p — 1)th roots of unity.

Remark 2.107.

(i). The group V is called the group of multiplicative representatives of the
elements of 7.

(ii). The existence of V' can also be proved by applying Corollary 2.102 to the
equation 2P~! — 1 = 0.

Lemma 2.108. Letp € P and

ne{ N ifp#2

N>o  else.

For x € U, \ Upy1 we have that 2P € Upiq \ Upya.
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Proof. By the definition = has the form z = 1 + kp™ with £ Z 0 (mod p). The
binomial formula yields

P =1+ kp" Tt 4 EPpP

where the exponents hidden in the dats are > 2n + 1, hence also > n + 2.
Moreover np > n + 2 (since n > 2 if p = 2). This shows

2P =14 kp™™  (mod p"*?)
hence zP € Up41 \ Upto. O
Proposition 2.109. For p € P we have
(i). If p#2: Uy 2 Zy.
(7). If p=2: Uy 2{£1} x Uz and Uy = Zj.
Proof. We distinguish the two cases:

Case 1 (p # 2). Choose a € Uy \ Uz, for example o := 1 +p. By Lemma 2.108,

we have o € U,y \ Uiro. Define for every n € N: a,, € Uy /U, as the
image of a. We have

@) #1 and (o)’ =1.

But Uy /U, is of order p"~1, hence it is a cyclic group generated by a,,. Now
define the following isomorphisms

On o Z/p"_ll — Uy/U,
z — ol

and look at the following commutative diagram

n+l,a

2
Z/an — Ul/Un—H

.

Z/p 7 UL /U,

en,oc

From this, we see that the 0, , define an isomorphism 6: Z, — U; since
Zy =lim(Z/p"~'Z) and Uy = lim(U, /U, ).
— —

Case 2 (p =2). Choose a € U\ Us. This means & =5 (mod 8). Again define
isomorphisms
Ona: Z)2"°7 — Us /U,

and argument as above to obtain an isomorphism 6,: Zs — Us. On the
other hand, the homomorphism

Ui — Ul/UQ = Z/?Z
induces an isomorphism {£1} — Z/2Z. This ultimatley gives
Uy ={+£1} xUs. O
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Theorem 2.110. For p € P we have
(i) Ifp#2: Qu=ZxZyx Z/(p—1)Z.
(i). Ifp=2: Q) 2L XL Z/2L.

Theorem 2.111. Forp € P\ {2} and z € Q; write x = p"u with n € Z and
u € Zy,. Now it holds that

T 1S a square <= n is even and u€F, = Z;/Ul is a square.

u denotes the image of u in Fy. The condition u € Fj = Z;/Ul s a square,

means that the Legendre symbol is one i.e. (%) = 1. In the following, we write

(5) instead of (5).
Proof. Decompose u as u = vu; where v € V and uy € U;. The decomposition
(@; =27 xV xU

given in Theorem 2.110 yields that x is a square if and only if n is even and v
and u; are squares. But U; is isomorphic to Z, and 2 is invertible in Z,, so all
elements of U; are squares. Since V' = F}, the statements follows. O

Corollary 2.112. ifp € P\{2}, the group Q;/[Q;]Q is a group of type (2,2).

It has {1,p,u,up } as representatives where u € Z, such that (%) =-1.

Theorem 2.113. Let x € Q3 and write x = p"u withn € Z and uw € Z5. We
have

x is a square <= (niseven and wu=1 (mod38)).

Proof. Since we have the decomposition Zj = {£1} x Uz, we have that u is
a square if and only if v € Us and it is a square there. The isomorphism
0: Zo — Uy defined in the proof of Proposition 2.109 carries 2"Zsy onto U, 2.
Now take n = 1 and observe that beeing a square in Us is the same as beeing
a square in Uz. So u € Zy is a square if and only if u = 1 (mod 8), hence the
statement follows. O

Corollary 2.114. The group (@3/[(@3]2 is of type (2,2,2). It has

{+1,£5,+2,+10}
as representatives.

Remark 2.115. Theorems 2.111 and 2.113 show that for every p € P we have

that [Q;]Q is an open subgroup of Q.



Chapter 3

The Hilbert Symbol

Abstract

In this chapter, we will introduce the Hilbert symbol (-,-), and prove
some well-known properties that will afterwards be used to lay the
foundation for the proof of the upper bound

HILBERTSYMBOLg € P™NFAT,
On the way, we define the Hilbert set for a,b € Q* by
Hap ={veV|(ab),=-1}.

We will show that an oracle for INTFACT leads to an algorithm that
enumerates the Hilbert set in polynomial time.

3.1 Definition
Definition 3.1 (Hilbert equation). For a field F and a,b € F* we call
aX?+bY? = Z7?

a Hilbert equation and a solution (x,y,2) € F3 to it trivial if and only if
z =y = z =0, and nontrivial otherwise.

Definition 3.2 (Hilbert symbol). For v € V the Hilbert symbol relative
to Q, is the map

() Qp xQy — {_1,1}. 3 2 o
@y — { L B c@AO) et =

Even though it looses a lot of the nice properties that we will discuss in
the next sections, we will generalize the Hilbert symbol to a setting where the
coefficients are elements of an arbitrary field and the possible solutions reside
in a subring. This notation enables us to easily speak about the existence of a
nontrivial solution of Hilbert equations in a subring over arbitrary fields.

45
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Definition 3.3 (Generalized Hilbert symbol). Let F be a field and R C F
be a subring. We define the following map that captures the nontrivial R-
solvability of a quadratic diagonal equation in three variables with coefficients
in [F:

hR,]F(-,-)ZF* x F* — {—171}

1 if 3(z,y,2) € B3\ {0} : ax? + by? = 22
(a,0) +— {—1 else.

If we choose R =T, we also write hyg (+,-) := hgp (-, ).

We cleary have that (-,-), = hq, (-,-). So it is indeed a generalization of the
Hilbert symbol. Each property that we prove for h. . (-, -), will also hold for any

(.7 .)v_
Remark 8.4. Since neither (a,b), nor hgr (a,b) changes if a or b are multiplied
by nonzero squares, they can both be seen as maps

]F*/[IE‘*]2 x IE‘*/[]F*]2 S {-1,1).

Definition 3.5 (Hilbert Problem). Let F be a field and R C F be a subring.
We now define the problem of deciding the nontrivial R-solvability of a quadratic
diagonal equation in three variables with coefficients in F:

HILBERTSYMBOLR f = { (a,b) € (F*)? ’ hryr(a,b) =1 }
If we choose R =F we also write
HILBERTSYMBOLy := HILBERTSYMBOLF f.
Fact 3.6. We have
hzo(-,-) =hg(-,-) and HILBERTSYMBOLz g = HILBERTSYMBOLg.

Proof. Let a,b € Q* and (x,y,2z) € Q3\ {0} be a nontrivial solution of the
Hilbert equation in @ and b. Then one can multiply the solution by all denom-
inators of z, y and 2 to obtain a solution (2’,y’,2’) € Z*\ {0}. On the other
hand any solution over Z is trivially a solution over Q. O

3.2 Properties and Formulas

Fact 3.7 (Simple Properties of the generalized Hilbert symbol). For any
field F and subring R C F we have

(i). Va € F*: hrp(a,1) =1.

(ii). Va,b € F*: hpr(a,b) =hgr(b,a).
(iii). Ya,c € F*: hpp (a,c?) = 1.

(v). Va € F*: hrp(a,—a) =1.

(v). YaeF*\{1}: hgr(a,1—a)=1.
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(vi). Va,b,c € F*: hgy(a,b) =hryr (a,c?d).
Proof.

(i
(ii

(0,1,1) is a solution for aX? + Y2 = Z2.
This is obvious since aX? 4+ bY? = Z?2 is symmetric in a and b.

(iii). (0,1,¢) is a solution for aX? + (¢Y)* = Z2.

(v). (1,1,1) is a solution for aX? + (1 —a)Y? = Z2.

).
).
).
(iv). (1,1,0) is a solution for aX? —aY? = Z2.
).
).

A nontrivial solution (x,y,2) to aX? + bY? = Z? can be translated to a
nontrivial solution (x,yc™!,2) to aX? + bc?Y? = Z? and vice versa. [

(vi

Using Definition 2.61, we can prove the following lemma.

Lemma 3.8. For any v € V and a,b € Q] define Q,p := Q, [\/B] Then it
holds that

(a,b), =1 & a€Ng,,/0, (Q,)-

Proof.

Case 1 (b is a square). If b is the square of an element ¢ € Q,, the equa-
tion aX? + bY? = Z? is always solved by (0,1,c), hence (a,b), = 1 and
the proposition follows since in this case we also have that Q,; = Q, and

Nauaran (@) = Q-

Case 2 (b is not a square). Q,; is quadratic over Q,. Let f§ := Vb e Qu.p
be a square root in the field extension. Then every element £ € Q, , can be
written as £ = z + By with 2,y € Q,. Note that Ng, , /g, (§) = 2% — by*.

Now if a € Ny, ,/q, (Qf]’b>, there exist y,z € Q, such that a = 22 — by?.

This yields (1,y,z) as a solution for the equation aX? + bY? = Z?, hence
(a,b), = 1. Conversely, if (a,b), = 1 we have a solution (z,y,2) # (0,0,0)
for aX? +bY? = Z2.

Case 2.1 (x =0 and y = 0). Then z = 0, which is a contradiction.

Case 2.2 (x =0 but y # 0). We have that b = ;—z which is a contradiction
to the fact that b is not a square

Case 2.3 (x # 0). From az? + by? = 22 it follows that

z

“= (7)2 -b (g)Q = Nowu/a (E + 5g> € No, /0, (@) O
z z x x

Proposition 3.9 (Properties of the Hilbert symbol). For every v € V,
we have:

(i). Va,a’',b e Qy: (a,b), =1 = (ad,b), = (d’,b),
(ii). Ya,b e Q}: (a,b), = (a,—ab),
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(iii). Va e Qu\{1},b€Q}: (a,b), = (a,(1 —a)b),
Proof.

(i)- If (a,b), = 1, Lemma 3.8 implies that a € Ng, g, (@, ). Now we have

that a’ € No, /0. (Qz)b) Sad € No, /0. (Q:’b> and again Lemma 3.8
gives the property.

(ii). By fact 3.7(v) we have that for any a € Q it holds that (a,—a), 1
(—a,a), = 1and we get by (i) that for all ' € Q} it holds that (—aad’, a), =
(a',a),. Replace a’ = b and use the symmetry (i.e. fact 3.7(ii)) again to
see (a, —ab), = (a,b),.

(ili). By fact 3.7(v) we have that for any a € Q} it holds that (1 —a,a), 8.7

(a,1—a), = 1 and we get by (i) that for all a’ € Q} it holds that
((1—=a)d’,a), = (d’;a),. Replace a’ = b and use the symmetry (i.e.
fact 3.7(ii)) again to see (a, (1 —a)b), = (a,b),. O

Lemma 3.10. Let p € P and v € Z;, be a p-adic unit. If the equation
Z% —pX?—0Y?=0

has a nontrivial solution in Qy, it also has a solution (x,y, z) such that z,y € Z,
and z € Zy.

Proof. By Proposition 2.98 every nontrivial solution in Q;’ gives a primitive
solution (z,y,z) € Z;’, (that is not all of the z,y, z are divisible by p). We will
show that this solution already has the desired properties. First note that

0=22—wvy? —pa? =22 —vy® (mod p),
yielding
22 =wvy? (mod p). (3.2.1)
Let us now assume the contrary:

v¢Z, or y¢gZ, or =z¢Z,.

The first is not possible since (z,y,z) € Zf’,. So let us assume that one of the
latter two is true. This means

y=0 (modp) or 2=0 (modp).

Together with (3.2.1), the first one also gives z = 0 (mod p) and the second one
vy? =0 (mod p). Since v € Z3 it follows that y = 0 (mod p). So in both cases
we have y =0 (mod p) and z =0 (mod p) and get

0=22—pz? —vy?> = —p2® (mod p?)

which ultimately gives x = 0 (mod p), a contradiction to the primitive character
of (z,y, 2). O
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Theorem 3.11. Let v € V and a,b € Q. Then we can compute the Hilbert
symbol as follows:

If v = oco: It holds that (a,b) ., = —1 if and only if a,b < 0.
If v € P: Write a = v*u and b = vPw where u and w are v-adic units, we have
If v — 2: (a7 b)v _ (71)6(’&) e(w)taw(w)+B w(u)

It 2 (a.), = (<) (1) (2)°

Where 9 denotes the Legendre symbol from Section 2.6 reduced modulo
v —i.e ( ) where w: 7, — 3 is the canonical projection — and with
e(u) = 5L and w(u) = %.

Proof. We distinguish the three cases v =00, v=2andve P\ {2}:

Case 1 (v = 00). If a,b € R the equation ax? + by? = 2?2 directly implies
xr =y = z = 0 and therefore (a,b) = —1. For the converse we can assume
that a € Ryq since the Hilbert symbol is symmetric in @ and b. Then for

example (f’ 0, 1) is a nontrivial solution for ax? + by? = 22.

Case 2 (p:=v ¢ {00,2}). The exponents o and 8 come in only by their residue
(mod 2). Since the Hilbert symbol is symmetric, we only have to distinguish
three cases:

Case 2.1 (=0, =0). In this case it holds that a = u, b = w, and the
right hand side is 1 so we have to show that (u,w), = 1. Consider the
equation

7% —uX? —wY?=0.

It is a form in 3 variables and by Corollary 2.72 it therefore has a nontriv-
ial solution modulo p. Since the discriminant of this equation is 1 -« - w,
which is as a product of p-adic units a p-adic unit and therefore primi-
tive, the above solution lifts to a p-adic solution by Corollary 2.103, hence

(u,w), = 1.

Case 2.2 (o =1,8 = 0). We have to check that (pu,w), = (%) By the
previous step, we have that (u, w) = 1 which by Prop031t10 3.9(i) yields
that (pu,w), = (p,w),. So its left to show that ( = %) If wis

a square, this is clear since then both terms are 1 Otherw1se we have
w

(?) = —1 by Theorem 2.111. So w is not a square modulo p. If we

now assume that (z,y, z) is a nontrivial solution of pX? +wY? = Z?2 by
Lemma 3.10 we can without loss of generality assume that y, 2 € Z; and
x € Zyp. Looking at this equation as an equation in F,, we get wy? = 22
and since y and z are invertible in Z,,, that w is a square modulo p. This
contradicts the assumption and therefore yields that there is no nontrivial
solution i.e. (p,w), = —1.
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Case 2.3 (o =1, =1). We calculate

(pupw), "2 (pu, —pPuw)

(i

\]

e
= (66)
e ()3

where at the equality (*) we apply the same argument as in Case 2.2
with w replaced by —uw.

—~

Case 3 (p := v =2). Again, only the residual classes modulo 2 of a and 3 play
a role and we distinguish the different cases

Case 3.1 (o =0 and 8 = 0). We have to check that

(u, w) :{1 u=1 (mod4)or w=1 (mod4)

—1 otherwise.
By symmetry we only have to distinguish the following two cases
Case 3.1.1 (u=1 (mod 4)). We can distinguish two cases

Case 3.1.1.1 (u =1 (mod 8)). By Theorem 2.113 we have that u is
a square implying that (u,w), = 1.

Case 3.1.1.2 (u =5 (mod 8)). We have u + 4w = 1 (mod 8) and

Theorem 2.113 again implies that there exists z € Zj such that

2 = w + 4w. Thus the form uX? + wY? = Z?2 has (1 2,z) as a
solution implying that (u,w), = 1.

Case 3.1.2 (u=w=-1 (mod 4)) If (x,y, z) is a primitive solution for
uX?+vY? = Z2% then 22 +y? + 22 = 0 (mod 4) by assumption. But
the squares of Z/4Z are 0 and 1 implying that t =y = 2 = 0 (mod 2)
which contradicts the assumption of primitivity. Thus (u,w), = —1.

Case 3.2 (o =1 and 8 = 0). We have to check that
(2u, w), = (71)6(u)6(w)+w(w)
For this, we will first prove that (2,w), = (—=1)**) or in other words
that
(2,w); =1 <= w==£1 (modS38).
Step 1 (“="). By Lemma 3.10 there exist z,y, z € Zy such that
222 + wy? = 2* (3.2.2)

and y,z # 0 (mod 2). For all such y and z it holds that y*> = 22 =1
(mod 8). So we can reduce (3.2.2) to

22° +w=1 (mod 8).
The only squares modulo 8 are 0, 1 and 4 implying w = £1 (mod 8).
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Step 2 (“«<”).

Case 3.2.1 (w =1 (mod 8)). By Theorem 2.113 w is a square and
therefore (2,w), = 1.

Case 3.2.2 (w = —1 (mod 8)). The equation
72 -2X? —0Y?=0 (mod 8)

has (1,1,1) for a solution. By Corollary 2.103 this solution lifts
to a true solution, thus we have (2,w), = 1.

Now we will show that (2u, w), = (2, w), (u, w),. For this, we distinguish
three cases:

Case 3.2.1 ((2,w), = 1). Qu,w), "2 (u,w)y = (2,w), (u, w),.

Case 3.2.2 ((u,w), =1). (2u,w), 2w (2,w)y = (2,w), (u,w),.
Case 3.2.3 ((2,w), = (u,w), = —1). We are in the case that

—~

w=3 (mod8) and (u=3 (mod38)or u=-1 (mod3R)).
Since we are free to multiply w and u by squares, we can assume that
(u=—-land w=3) or (u=3and w=-5).
But the equations
Z?+2X?-3Y?=0 and Z°-6X>4+5Y>=0
have for solution (1,1,1) implying that (2u,w), = 1.
Case 3.3 (¢ =1 and § =1). We calculate

(2u,2w), 520 (2u, —4uw), g (2u, —uw), .

By the above we therefore have
(2u,2w), = (,1)€(U)e(—uw)+w(_uw) '
Now since € (—1) = 1,w (—1) = 0 and € (u) (1 + € (u)) = 0 this means
(20, 2w), = (—1) W cwrewtow .

Definition 3.12. Let v € V. We say that the Hilbert symbol is nondegen-
erate if and only if for b € Q} it holds that

VaeQ:i: (a,b), =1 = belQ:.

v

Theorem 3.13. The Hilbert symbol is a nondegenerate bilinear form on the
Fy-vector space ]F*/[IF*]2 .

Proof. The bilinearity follows from the formulas in Theorem 3.11, Lemma 2.50(ii)
and the fact that ¢ and w are homomorphisms. Nondegeneracy can be checked
on the representatives {u,2u} where u € {1,5,—1,—5}. Indeed, we have
(5,2u), = —1 and

(_17 _1)1) = (_1’ _5)1) =-1 O
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Remark 3.14. One can view the Hilbert symbol as a form (71)[‘“’] where [a, b]
is a symmetric bilinear form on IF*/[IF*]Q with values in Z/27. Theorem 3.11
then gives its matrix with respect to some basis of F* / [F*)°:

Case 1 (F = R). Independent of the choice of basis the matrix (1).

Case 2 (F=Qp,p € P\ {2}). Take a basis { p,u } where (%) = —1, then

0o 1\ .. _ 1 1y ..
(1 O) if p=1 (mod4) and (1 O) if p=3 (mod 4).

Case 3 (F = Q). With the basis {2, —1,5} it is the matrix

_— o O
o = O
OO =

3.3 The Hilbert set

A theorem due to Hilbert tells us that for given a,b € Q, the Hilbert symbol
is —1 only for finitely many places (i.e. elements of V). This means that the
set Hq,p in the following definition is finite. Since we want to prove statements
about the complexity of the Hilbert symbol, we will not only prove that H, p is
finite but exactly determine its cardinality. On our way, we will not make use
of the finiteness, but later obtain it as a corollary.

Definition 3.15 (Hilbert set). For a,b € Q* define
Hap i ={veV](ab),=—1}.

We will first see, that if we take a and b as —1 or as prime numbers, the
Hilbert set is not only finite but has a constant number of elements, meaning
that its cardinality is asymptotically independent of a and b. For this, we will
use Theorem 3.11 repeatedly.

Lemma 3.16. For a,b € PU{ —1} the set Hqp is as follows:
(1) Ho1,21 ={00,2}

%) if p=2 or €(p) is odd

(i) Forpe P: Hyp=H_1,= { {2,p} else.

(%] else.
(tv). For distinct p,g € P\{2}: H,q C{2,p,q}, more precisely:

(ii). FOTpEP\{Q};’szz{ {2,p} if w(p) is even

e 2cH,, <= €(p)e(q) is odd
-1

):—1

epcH,, (

3
—

e gcHyy (

he RS
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Proof. For v eV, p,q € PU{—1} Theorem 3.11 gives the value of (p,q),:
Case 1 (p,q = —1). We have (—1,—1)oc = (—1,—-1)s = -1l and (—-1,-1), =1
for v ¢ {2,00}.
Case 2 (p=—-1,q € P).
Case 2.1 (¢=2). (—1,2), =1 for every v € V.
Case 2.2 (q # 2).
Case 2.2.1 (v€ {2,q}). (-1,9), = (—1)<2.
Case 2.2.2 (v ¢ {2,q}). (-1,¢), = 1.
Case 3 (p€ P,qg e P).
Case 3.1 (p = q). We calculate for any v € V:

)y 2 (%), = (0. -1), - (0.9%), "2 (p.-1), -

By Case 2 we are done.
Case 3.2 (p # q).

Case 3.2.1 (¢ = 2).
Case 3.2.1.1 (ve {2,p}). (p,2), = (—1)*®) (by 2.54(iii)).
Case 3.2.1.2 (v ¢ {2,p}). (p,2), =1

Case 3.2.2 (¢ # 2).
Case 3.2.2.1 (v¢{2,p,q¢}). (p.q), =1.
Case 3.2.2.2 (v=2). (p,q)2 = (—1)<P <@

Case 3.2.2.3 (v =p). (p,q), =
Case 3.2.2.4 (v=2¢q). (p,q)q =

Next, the linearity of the Hilbert symbol will enable us to calculate the
Hilbert set not only for —1 and primes but for every pair of rational numbers.

Theorem 3.17. Given a = :I:Z—;,b = i% € Q* and the factorizations of their
numerator and denominator, the set Hqp, can be determined in polynomial time
in the bitsizes of the numerators and denominators of a and b. More precisely
the complexity is in O (nQ) where n = log (max { a1, az, b1,b2 }).

Proof. The factorization of a number d € Z can be written as

d=+[]pi with r € O(log(d)),Vi € [1:7r]: p; € P

i=1

Let a = €2l and b = 77% with aj,a2,b1,b2 € Nand e, € {—1,1}. Then by
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the bilinearity of the Hilbert symbol (see Theorem 3.13), we calculate
UL
w2 ),

. (5 2) (2 a b

- 5771; 7b2 ) a2777 ) a27b2 )
1 1 by 1 b

— b il il A - a

(€m., (&b, (57 b2>’u (1,1, (a27n>v (ah b2>v <a27 b2>v

1 1

:(E,U)U (Evbl)v 57F (alan)v —, N
2 v a2 v

1 1 1 1
-(a1,b1), (017b2>v (@Jn)v <a27b2>v'

Using bilinearity and symmetry of the Hilbert symbol and the factorizations of

ai, as, by, by, we end up in the situation where we have to calculuate an amount
of

O (log (a1) log (b1) + log (a1) log (b2) + log (az2) log (b1) + log (a2) log (b2))
Hilbert symbols of the form
1 11
q/ b q/,

where p and ¢ are prime numbers. Since

log (a1) log (b1) + log (a1) log (b2) + log (a2) log (b1) + log (a2) log (b2)
<4log (max { a;, as })log (max { by, by }) < 4log® (max { ay, as, by, bs })

these are only polynomial many in the bitsizes of a1, as, by and by — more
precisely we have to calculate

o (n2> ) where n := IOg (max { ay, az, bh bQ })

many Hilbert symbols. Whenever we encounter 1 as an argument, Fact 3.7(i)
yields that (x,1), = 1. Now let ¢ € {p,%} and use the following further

reductions for the last two cases in (3.3.1):

1 1
(c, ) =1ecx?+ fy2 =2%is nontrivially solvable over Q,
q/, q

& cqx® 4 y? = ¢2? is nontrivially solvable over Q,

& q2% — cqr? = y? is nontrivially solvable over Q,

& qz? — cqy? = 22 is nontrivially solvable over Q,

< (¢, —cq), = (¢, —1), (¢,0), (¢,9), = 1
So for ¢ = % we reduce to the case where not both of the arguments are fractions
and the case ¢ = p covers exactly this.

All these reductions only increase the number of Hilbert symbols that we
have to calculate by a constant factor and ultimately show that we only have to
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look at the cases where a,b € PU{—1}. Lemma 3.16 shows that in this case,
|Hap| < 3 and the onyl thing that is left to calculate are the values of €(p) e(q)

and (%) for p,q € P. Determine € (p) = pgl is easy and by Theorem 2.56 we

know that (g) can be calculated in linear time. O

This theorem also tells us, that the Hilbert set is finite for all a and b. In
addition, we have the following nice formula for the Hilbert set where one of the
parameters is a product of two numbers:

Fact 3.18. For a,b,c € Q* it holds that
Ha,bc = Ha,b A Ha,c-

Proof. Let v € V. By Theorem 3.13, we know that (a,bc), = (a,b), (a,c),.
Since the Hilbert symbol only takes values in {£1}, this means that —1 =
(a,bc), is equivalent to (a,b), # (a,c),. So

VE Hope & VE (’Ha,b \ /Hayc) @] (/Ha,c \ /Ha,b) S vEHqy A’Ha’c. O

Properties of the symmetric difference enable us to prove the statement that
the cardinality of the Hilbert set is even. This translates to a classical theorem
by Hilbert, given after the proof.

Lemma 3.19. The cardinality of the Hilbert set is even.

Proof. By Fact 3.18, Theorem 3.13 and the fact that the cardinality of a sym-
metric difference of sets with an even number of elements is even, it suffices to
show the statement for a,b € PU {—1}. Lemma 3.16 gives the elements of
Hap- In the first three cases, we have [H, 5| € {0,2}. So it is left to show that
for distinct and odd a,b € P exactly two of the following relations hold:

e c(a)e(b) is odd

JOES:

Since a, b # 2 the Quadratic reciprocity law (Theorem 2.57) states that

@)= (2)

If € (a) e (b) is odd, (%) and (%) have different signs. If both (%) = —1 and
(2) = —1 we have that € (a) € (b) is even. And finally if for example (%) = —1

a

and € (a) e (b) is odd, (2) = 1. O

This lemma gives the classical theorem about the Hilbert symbol as a cor-
rollary:

Theorem 3.20 (Hilbert Theorem). For a,b € Q* we have (a,b), = 1 for
almost allv €V and
I (@.b), =1

veV
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Proof. This is a corollary to Lemma 3.19. O

Lemma 3.21 (Approximation Theorem). Let S C V be a finite set. The
image of Q in [],cg Qu is dense in this product.

Proof. Since we are free to enlarge S, assume without loss of generality, that
S ={oo,p1,...,pn } where p; € P are pairwise different. Its now left to show
that Q is dense in

A=RxQp x-xQyp,.

We will now show that any point p := (o0, 21,...,2,) € A is adherent to Q:
Since we are free to multiply p by some integer, we may suppose that Vi €
[1:n]: z; € Z,,. We are left to show that Ve € Ryo, N € N: 3z € Q:

|t — 2| <e and Vie[l:n]:ordy, (x —z;) > N.

So let ¢ € Ryg and N € N be arbitrary and define Vi € [1:n] the number
m; := p. By the Chinese Remainder Theorem there exists zg € Z with

Vie[l:n]:ordy, (zog —x1) > N.

Now choose an integer ¢ > 2 that is relatively prime to all the p; (one can for
example choose any ¢ € P\ S) and observe that

a
an

is dense in R since ¢ — oo if m — oo and choose u = q% with

aGZ,mEN}

|zo — Too +upy -+ ph| <e.
Finally z := zoup) - ---- pY has the desired property. O

Theorem 3.22. Let (a;),.; with a; € Q* be a finite family and let (Ei»v)iel,vev
be a family of numbers equal to £1. In order that there exists x € Q* such that
(ai,x), = €ip for alli € I and v € V, it is necessary and sufficient that the
following conditions are satisfied:

(i). Almost all €, ,, are equal to 1.

(ii). Vi€ I: [[yey ciw = 1.
(iii). Vo e V: 3z, e Q5:Viel: (a;,%), = €.

Proof. The necessity of (i) and (ii) follows from the Hilbert Theorem (Theo-
rem 3.20) that of (iii) is trivial (take x, = ). To prove sufficiency, we will need
the Approximation Theorem (Lemma 3.21), Dirichlet Theorem (Theorem 2.11)
and Chinese Remainder Theorem (Theorem 2.10):

Let (gi,,) be a family of numbers equal to £1 that satisfy (i) to (iii). We are
free to multiply to a; by squares of integers giving that without loss of generality
we have a; € Z. Now define S to be the set { 00,2} together with all prime
factors of the a;. Additionally define

T:={veV|3Jiel:g,=-1}.

Both S and T are finite. Now distinguish the following two cases
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Case 1 (SNT = &). Define two numbers

a::Hl and m::8Hl.

leT\{oo} leS\{ 2,00}

By assumption S NT = & and therefore ged (a,m) = 1. By the Dirichlet
Theorem there exists a p € P\ (SUT) such that p = a (mod m). We will
show that = := ap has the desired property i.e. that

Viel,veV: (a;,x), = ¢€i-

We again distinguish different cases:

Case 1.1 (v € S). We have that ¢, , = 1 since SNT = & and we have to

check that (a;,z), = 1. If v = oo this follows from 2 > 0. So let v € P.

This means that z = a®> (mod m), hence

a? (mod8) if v=2
T =
a® (mod v) else.
So, since x and a are v-adic units, « is a square in Q) by Theorem 2.111
and following. So we have (a;,z), = 1.

Case 1.2 (v ¢ 5). In this case, a; is a v-adic unit and calculate the Hilbert
symbol with Theorem 3.11.

.\ ord, (b)
VbeQ:: (a;,b), :(%) (3.3.2)

since v # 2.

Case 1.2.1 (v¢ TU{p}). « is a v-adic unit, hence ord, (x) = 0 and
(3.3.2) yields (a;,x), = 1. But since v ¢ T' we have € , = 1

Case 1.2.2 (v € T'). This means that ord, (z) = 1 and (iii) yields that
x, € Q} such that Vi € I: (a;,2,), = €. Since v € T one of the
€;v is —1 and we have ord, (z,) =1 (mod 2) and hence

a;
Viel: (aj,x), = (—) = (a;, Tv), = Eiv-

v

Case 1.2.3 (v =p). We reduce this case to the preceding ones by the
Hilbert Theorem (Theorem 3.20):

3.20
(ai,x)p = H i, T H{‘:iv*{‘:zp

v#p v#p

Case 2 (SNT # ). Since the square [Q%]* form an open subgroup of Q¥ by
Lemma 3.21 there exists ' € Q* such that

VveV: = e[Q2.

Ly

In particular this means that

Yv e S (CL“ )1) = (ai,xv)v = Eiw-
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Now set
Vielbve Vi, =c¢i,(a,z),.

The family (7, . ) satisfies condition (i) to (iii) and moreover Vv € S: 1; , = 1.
Be the preceding case, there exists y € Q* such that
Viel,veV: (ai,y), = M-

The element x := yx’ satisfies the desired properties. O

3.4 Exponential Upper bound

In this section we describe the classical way to calculate the Hilbert symbol
according to a method by Legendre with elementary methods (even avoiding
p-adic numbers). For this, we will explicitly construct a solution to a quadratic
diagonal equation in three variables (if it exists). This will lead to an exponential
running time, an upper bound for the complexity of the HILBERTSYMBOLqg with
the additional restriction to integral instances. In Section 3.5 we will improve
this upper bound by using a different approach that uses an oracle for INTFACT.

Notation 3.23 (Square decomposition). For a € Z, denote by a € N the
maximal number such that for some @ € Z we can write

a = a‘a.
Fact 3.24. For a € Z, a is squarefree.

Lemma 3.25 (Rational Equation to Integral Equation). For every a =
Z—;,ﬂ = ﬁl Y = ’“ € Q,v # 0 there exist squarefree a,b € Z such that

ax® 4 By =~ (3.4.1)
is solvable over rationals if and only if
az® + by* = 2* (3.4.2)

is solvable over integers with pairwise coprime x,y, z
In great detail we have with

A= a1 822 B = asf172 C = asfom
that
a=A-C b=B-C
such that one can obtain a solution ( = (%, %) € Q? of Equation (3.4.1)
from a solution (£,79, 2) € Z2 of Equatzon ( 4.2) and vice versa by the following
relations:
zCC 9CC
T = —= Y=
2A B

=2
I
Y
I
<>
I
Y
S
Q>
I
Ql
IS
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Proof. Equation (3.4.1) is solvable over rationals if and only if
Az + By* =C

is solvable over rationals. The solvability of the last equation is equivalent to
the solvability of the following equation:

A <2x> +B (g;;) =C. (3.4.3)

Hence with the substitution & := %x and § 1= %y we want to solve
A+ By =C (3.4.4)

over rationals. Use homogenization to switch to integers: Having a solution for
Equation (3.4.4) means that there exists u, v, w € Z with w # 0 such that

_ 2 _ 2
A(2)+B(2) =C
w w
or, equivalently
Au? + Bv? = Cuw®.

Multiplying by C # 0 yields

(C - A2 + (C-B)w? = C w? (3.4.5)
Now Equation (3.4.5) has an integer solution with w # 0 if and only if

(C-A)yu® + (C- B? = 22

has an integer solution with z # 0. Since C(au?+ 3v?) = 22 we have that C | 2?
and since C is squarefree C | z and therefore w? = g—i €. O

Proposition 3.26. For x,y,z,d € Z with x +y = z we have: If d divides two
elements of the set { x,y,z }, then d divides all three elements of { x,y,z }.

Proof. Without loss of generality assume that d | 2 and d | y. Then there exist
elements u,v € Z such that x = du and y = dv, hence we have:

z=du+dv=du+v) = d]z= O
Proposition 3.27. If a prime divides a product of integrals, it divides at least
one of the factors.
Proof. Let p be a prime and a,b € Z with p | ab. We want to prove:
pta=plb.

Set g := ged (a,p). Then of course g | p. Since p is prime, we have that g = 1
or g =p. If g=p, since g | a too, p | a which is a contradiction. So g = 1. By
the euclidean algorithm, there exist

z,y €Z:pxr+ay=1.
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Multiplying by b gives:
bpx + bay = b.

Observe that p | pzb and p | aby (since it is assumed that p | ab). Therefore, by
Proposition 3.26 it follows that p | b. O

Definition 3.28 (Norm of an element in a number field). Note that for
a € Q an element of the number field Q [v/a] can be written as a + S+v/a with
a, B € Q. Now define the norm by

N:Q[va — Q
a+Bya — a®—ap?

Fact 3.29. The norm defined above is a multiplicative function.

Proof. One can note that the map above is a norm as in Section 2.7 and by
Fact 2.63 therefore is multiplicative, or explicitly calculated with o + 8+y/a, o’ +

p'Va e Q[Val:
N(a—&—ﬂ\/&)N(a/—&-ﬂ/\/&) _ (a2_a52) (a’2—aﬁ’2)
= 020 — aa?B? — aB?a? + 227 = a0’ + a2 3287 — a (0287 + F2a?)
_ aQa'Q—2aa'65’a+a2626’2—a(a26’2—2a6’a’6+a'262)
(aa’ +app)’ —a(af +a'B)" = N (aa’ +app + (af' +o'8)Va)
N ((a+ Bva) (o' + B'Va)). O

Lemma 3.30 (Integral Equation Reduction). Let a,b € Z be squarefree
with |a| < |b| and 1 < |b|. Then there exists b’ € Z with |b'| < |b| such that

az® + by* = 22 (3.4.6)
has a solution if and only if
azx® + b'y? = 2* (3.4.7)

has a solution and these solutions can be converted into each other in a constant
number of operations.

Proof. If Equation (3.4.6) has a solution, then for any p | b we have that p
cannot divide z, since otherwise:

plband plz = 0=, ar?+by*=2> = p|2?
27 plz = p?|2%=a2x®+by? p:\;s p? | by?
This means that 3n € Z : np? = by?. We furthermore know that p | b, meaning
that 3m € Z : mp = b with the additional property that p 1 m since b is
squarefree. Putting this together, we get

np® =by? =mpy> & np=my> = p|my’

3.27 ptm 3.27
= plmorply* = ply? = ply
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which is a contradiction since z, y, z were assumed to be coprime. So p t  which
means that x € ), is invertible and therefore we get

2

22 = az? + by? =, az?

2
& 2? (afl) =pa
i.e. a is a square modulo p. By the Chinese Remainder Theorem a € Z/(b) is
a square i.e. there is a ¢t € Z such that [¢| < @ and a =, t2. Let b/ € Z be such
that

t2 =a+ bl (3.4.8)

Now we prove that ax? 4+ by? = 22 has a solution if and only if az? + b'y? = 22

has a solution: If az? + by? = 22 has a solution then

N (EFeve) = 2z e 2N (ZEEVE) Z 2 g2
Y y y

— az?+y°N (#) =22 = N (z'”‘/a) =b.

From Equation (3.4.8) we furthermore get:

bb’:t2_a:N(t+\/5)
=0 = N(t+\/a) _ N(t‘F\/a) Fact:3.29N<yt+y\/a> .
b N(M) Z-l—x\/ﬁ

Y

Which, by expanding the fraction by z — z+/a i.e. by rationalizing the denom-
inator, effectively gives an integral solution of eq. (3.4.7). Since the argument
is symmetric in b and b we get a solution of eq. (3.4.6) from a solution of
eq. (3.4.7).

We are left to show that |b/| < |b):

jal+ 1] = el |52 < e+ |5+
lal <ol " < " 1<[p)
< o+ |2+1 <7 ja+ a1 < la| + |b]

Corollary 3.31. Let a,b € Z be squarefree with |a| < |b| and 1 < |b|. Then
determining if a solution of
az® +by* = 22

exists and calculating it, can be done in O (|a| + |b]) steps, which is exponential
in the bitsizes of a and b.

Proof. Repeatedly apply the reduction in Lemma 3.30 to end up with one of
the following equations:

+2?2+y? =22 or +2% =22

where z,y, z (resp. z, z) are coprime. In detail we have:
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22+ y? =22 | has (1,0,1) as a solution.
2?2 —y? =22 | has (1,0,1) as a solution.
—2? +y? = 2% | has (0,1,1) as a solution.

has (0,0,0) as the only possible solution but 0 is
not coprime to 0 so it has no solution with pairwise
coprime z, y and z.

x* = 2? | has (1,1) as a solution.

—2® = z% | has (0,0) as the only possible solution but 0 is not
coprime to 0 so it has no solution with coprime z
and y.

By Lemma 3.30 in every step either |a| or || is reduced by at least 1 each
of which needs constant time. So we need at most |a| + |b| steps. O

One could summarize the result of this section as
HILBERTSYMBOLg € EXP

Where HILBERTSYMBOL(B denotes the special case of HILBERTSYMBOLg where
only integral instances are allowed:

HILBERTSYMBOLg) := {(a,b) € (Z\{0})? | hg(a,b) =1 }

3.5 Upper bound using an oracle for INTFACT

In this section, we will see that, using an oracle for INTFACT, one can calculate
the Hilbert symbol in polynomial time, ultimately yielding that its complexity
is in NP N coNP.

Algorithm 6 will show that the hardest step in deciding quadratic rational
form equivalence is to decide for a,b € Q* the nontrivial integral solvability of

aX?+bY? =22
More precisely, we have

QUADFORMEQUIVQ c PHILBERTSYMBOLQ

This means the complexity of the Hilbert symbol is of great interest for the
complexity of the rational quadratic form equivalence problem. In this section,
we will see that

HILBERTSYMBOLg € pINTFACT

which ultimately will give

QuaDFORMEQUIV, € PN

a main result of this work. Remember that FUNCINTFACT is as hard as INTFACT
by Theorem 2.34 so whenever we are allowed to use an oracle for INTFACT, we
may also use an oracle for FUNCINTFACT i.e. obtain the prime factorization of
an integral number.
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The classical way of finding a solution for a Hilbert equation is described
in Section 3.4. But this methods, despite the fact that it only allows integral
instances, leads to an upper bound that is exponential in the bit sizes of a and
b. We will now improve this complexity bound by using an oracle for INTFACT.

Armed with Theorem 3.17, the following algorithm decides the solvability of

aX?+bY?=2% for a,beQ*

efficiently when given an oracle for INTFACT.

Algorithm 4 HILBERT-SYMBOL

Input: a,b € Q*.

Output:
true if ax? + by? = 22 has a nontrivial solution in Q3
false otherwise.

1: calculate H, ; using Theorem 3.17.
2: assert Hop = J
3: return true

Lemma 3.32. Algorithm / is correct.

Proof. H,p is the set of v € V such that the equation aX?+bY? = Z? has a non-
trivial solution over Q,. The famous Local-Global-Principle / Hasse-Minkowski
Theorem (Theorem 4.78) for quadratic forms applied to aX?+bY 2 — Z2, yields
that the equation does not have a solution over Q if and only if for all v € V' it
has no solution over Q,,.

We will see a proof of Local-Global-Principle / Hasse-Minkowski Theorem
in Section 4.8. The reader can check that we will not use this lemma or any of
its corollaries for the proof of Theorem 4.78. O

Lemma 3.33. Using an oracle for INTFACT, Algorithm 4 runs in polynomial
time.

Proof. This is clear by Theorem 3.17. O
We summarize Lemmas 3.32 and 3.33 in the following theorem:
Theorem 3.34.
HILBERTSYMBOLg € P™NFACT
Corollary 3.35.
HILBERTSYMBOLg € NP N coNP.
Proof. This is clear since

INTFACT € NP N coNP. ]
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3.6 Lower bound

In this section, we will establish a lower bound for HILBERTSYMBOLg: We will
show that an oracle for HILBERTSYMBOLq yields an efficient algorithm to decide
QUADRESIDUE for the following special case:

e The modulus n is a composite number of two primes p and ¢ for which it
holds that p,¢g =1 (mod 4)

e The set {p,q} “quadratically agrees” on the instances r:

Definition 3.36 (Quadratic agreement). Let r € Z( be a natural number
and @Q C Z~q be a finite set of natural numbers. We say that ) quadratically
agrees on r and write Q Fr if every factor of r is either a quadratic residue
modulo every or no element of ). More formally write Q@ = {n1,...,n; } C Z=o
and the prime factorization of r:

k
r=[]pi keNVie[l:k]:p€P.

i=1
Then @ quadratically agrees on r if and only if for every i € [1: k] it holds that
Vjel[l:l]: p;Rn; or Vjell:l]:p;Nn;.

We denote this special case by QUADRESIDUE". QUADRESIDUE in general
is, without INTFACT, believed to be a hard problem, see for example Problem
11 in [AM]. Its functional version, i.e. taking square roots modulo n, yields an
efficient randomized algorithm for INTFACT as shown in Section 5.3.2. This is
also a hint to the hardness of QUADRESIDUE.

The assumptions in the following lemmas seem very artifical. This is because
their sole purpose is to successively establish conditions for the HILBERTSYMBOLq
oracle algorithm that decides QUADRESIDUE".

Lemma 3.37. For distinct odd primes p and q define n := pq. For every
r € Zso with ged (r,n) =1 and {p,q } Fr the following statements hold:

(i) (), = (%).
(ii). if additionally p,q =1 (mod 4) it holds that

hg(r,n)=1 <« (rnn),=1and (r,n), =1

Proof.

(i). We compute the value with Theorem 3.11:

3.13 (L
(r, n)p -1 (ij)p (r, Q)p = (p07'7p1 . 1)p (por,pOQ)p = (p) - 1.

(ii). First observe that by the Local-Global-Principle / Hasse-Minkowski The-
orem (Theorem 4.78) applied to the form rX? +nY? — Z2, we have that
hg (r,n) =1 if and only if

VveV: (rn), =1
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So the implication “=-" is clear since p,q € V. For the other direction
write down the prime factorization of r:

k
T:Hpi keNVie[l:k]:p; e P.
i=1

We can calculate the value of (r,n), for any v € V' with Theorem 3.11:

3.11

Case 1 (v = 00). Since r,n > 0, we have (r,n)_ 1.

Case 2 (v=2). (r,n), AN 21y €™ = 1 gince p,g = 1 (mod 4) which
implies € (n) = € (pg) = €(1) = 0.

Case 3 (v € {p,q}). By assumption (r,n), = (r,n), = 1.
Case 4 (v ¢ {pi}iy U{0,2.p.4}). (nn), = (10r,0%), "= 1.
Case 5 (U € {pl }le)- Let i € [1 : k] such that v = Di and calculate

k

where the last equality holds by Theorem 3.11: If j # 4, we have

(p0p.1Yp;s),, (PPa,p0p;),, =1

7

and if ¢ = j, we have

Op, pt -1 Vg, pt-1 :<p><q>.
(pzp pz )pi (p’bq p’b )Pi pl pi

By the Quadratic reciprocity law (Theorem 2.57) we then get

() Gy e () e (3) =) (5)

where the last equality follows from the fact that p,q = 1 (mod 4)
which implies that € (p) and € (¢) are even. So in total we have

nn-(5)3)

=1 if and only if (%) = (ﬂ), which is true by

pi q
the assumption that { p,q } quadratically agrees on r.

That means (n,r)

Now we have shown that Vv € V: (r,n), = 1 which, by Theorem 4.78,
implies that hq (r,n) = 1. O

Lemma 3.38. For distinct odd primes p and q and every r € Z we have that

rRpg < rRp and rRgq

rRpg < (T) =1 and <T> =
p q

or in other words
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Proof. This directly follows from the Chinese Remainder Theorem: Since p and
q are distinct, we have that

Z/pgZ = Z)pZ x 7/qZ .
This implies that rRpq if and only if rRp and rRg, and the latter two statements

are equivalent to (%) =1 and (g) =1. O

Lemma 3.39. Forpe P\ {2} and r € [1:2p — 1] we have that
rR2p <& rRp.

Proof. Again by the Chinese Remainder Theorem: Since p # 2, we have that
Z/2p7 = Z)27 x Z]pZ .

This implies that rR2p if and only if rR2 and rRp. But 7R2 is always true. [J

Lemma 3.40. Forpe P\ {2} andr € [1 ip? — 1] with ged (p,r) = 1 it holds
that

rRp < rRp?.

Proof.

Case 1 (“<”). This is elementary: By definition rRp? means that

Jz € Z/p°Z : 2* =r (mod p?)
& EIxGZ/pQZ,k€Z:x2:r+(kp)p
= 3Ja2c Z/pZ :x*=r (mod p)

which is the definition of rRp.

Case 2 (“="). This is an application of Hensel’s lemma for modular arith-
metic (Lemma 2.99): We simply lift a root modulo p to a root modulo p2.
In detail, we define f = X2 — r. If rRp we have that

Jx € Z/pZ : f(x) =0 (mod p).
But since ged (r,p) = 1 we have that r # 0 (mod p) and since z? =
(mod p) it follows that  Z 0 (mod p). With p # 2 this implies f'(x)
2z £ 0 (mod p). So the conditions for Lemma 2.99 are met and we find
y € Z such that f(y) =0 (mod p?) which means that rRp?.

O I 3

I recommend reading the proof of the following algorithm in parallel to the
algorithm itself.



3.6. LOWER BOUND 67

Algorithm 5 QUADRATICRESIDUE-WITH-HILBERTSYMBOL-ORACLE
Input: n € N with n = pg, p,q¢ € P and p,q = 1 (mod 4), r € [1:n] with
{p,q}tr
Output: true if r is a quadratic residue modulo n and false else.
1: if r = n then
2 return true
3: end if
4: if 2 | n then
5: if n =4 then
6
7
8
9

return r =1 (mod 2)
else
return (é) =1
: end if

10: end if
11: g := ged (r,n).
12: if g # 1 then
13: return ((g) =1 and (%) = 1)
14: end if ’
15: if \/n € Z then

16: return (ﬁ) =1.
17: end if
18: return hg(r,n) =1

Theorem 3.41. Algorithm 5 is correct and runs in polynomial time in the bit-
sizes of the input given an oracle for HILBERTSYMBOLq.

Proof. Every step in the algorithm, except for the last one, establishes a situa-
tion where we can use Lemma 3.37.

Steps 1 to 3 If r = n we have that r = 0 (mod n) meaning that it is trivially a
square modulo n. So after this step we are in the situation that 1 < r < n.

Steps 4 to 10 Because of
12=1 (mod4), 2°=0 (mod4), 3°=1 (mod 4)

we know that the only nonzero square in Z/47Z is 1, justifying step 6. If
n # 4 Lemma 3.39 and the fact that rRp < (%) = 1 yield the correctness
of step 8

Steps 12 to 14 In this case, we have found a factor of n, which makes every-
thing very simple: We have that g # 1,¢9 | r and g | n. By steps 1 to 3
we have that » # n in addition to n = pq, which together implies that
g € {p,q}. So g and 2 are the two factors of n. Then we can apply
Lemma 3.38, if these two factors are distinct, and Lemma 3.40, if they are

even, to obtain that we can simply check (g) =1 and (%) =1 to check
g

if rRn. This is possible in polynomial time by Theorem 2.56. After these

steps, we have that ged (r,n) = 1.
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Steps 15 to 17 Remember that \/n € Z can be checked in polynomial time
by Algorithm 3. Furthermore, v/n € Z is equivalent to p = ¢ which means
that p = ¢ = v/n € P. Then the question of whether r is a quadratic

residue modulo n can be answered by calculating (%) Since 1 <r<n

we can apply Lemma 3.40. By Theorem 2.56 we know that (ﬁ) can be

calculated in polynomial time. After these steps, we are in the situation
that p # q.

Step 18 The oracle for HILBERTSYMBOLg is called and Lemma 3.37(ii) yields
the correctness of the algorithm. O



Chapter 4

Classification of Quadratic
Forms

Abstract

The goal of this chapter is to understand all preliminaries required
for designing an algorithm which outputs a quadratic form equiva-
lence. This case is significantly easier than equivalences for higher
degree forms, because quadratic modules, which are closely con-
nected to quadratic forms, are well-studied and have a lot of struc-
ture. We will define a quadratic module associated to a quadratic
form and the isomorphy classes of these modules will correspond to
the equivalence classes of the associated forms. Ultimately we will
prove Witt’s theorem yielding two useful corollaries:

(i). Every quadratic form is equivalent to a form > | a; X?.
(ii). We have a cancellation rule for quadratic forms (the & will be
defined on the way):
fOh~gOh = f~g

This chapter is based on [Ser73].

4.1 Definitions

Definition 4.1 (The category of quadratic modules). Let V be a module
over a commutative ring R. A function @ : V' — R is called a quadratic form
on V if the following two conditions hold:

(i). Va € R,x € V: Q(az) = a®>Q(x).
@Q: VxV — R
(r,y) — Qz+y)—Qx) - Qy)

The pair (V, Q) is called a quadratic module. For a fixed ring, the set of all
quadratic forms on V is denoted by Quad (V). Let (V’, Q') be another quadratic
module. A linear map f : V — V' is called a morphism of quadratic

is bilinear.

(ii).

69
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modules or metric morphism if Q' o f = @, which means the following
diagram commutes:

v L v

R

R
We write f: (V,Q) — (V',Q’) if f is a morphism of quadratic modules.

Remark 4.2. A form ¢ : V2 — R is called bilinear if the following two conditions
hold:

(). Ya,b,c,d € V: ¢p(a+b,c+d) = ¢(a,c) + ¢(a,d) + ¢(b,c) + (b, d)
(ii). VA€ R,a,b € V: ¢(Aa,b) = Ad(a,b) = ¢(a, Ab)

In our situation, the ring R will always be a field F with char (F) # 2 and
the module V' will therefore be a vector space. We will furthermore assume that
V' is finite-dimensional.

Definition 4.3. Let (V, Q) be a quadratic vector space, define Vz,y € V:

Oq(,y)

Ty = T.

Definition/Proposition 4.4. Let (V,Q) be a quadratic vector space. Then:

(i). (x,y) — x.y is a symmetric bilinear form on V called the scalar product
associated to ().

(ii). Vo € V: Q(x) = z.x, and therefore there is a bijective correspondence
between quadratic forms and symmetric bilinear forms:

{Q:V = R| Q quadratic form} <+— {(b: V2 R ’ 10) bilinear}

(iii). For a metric morphism f : (V,Q) — (V',Q’) it holds that Vx,y €
Vi f(x).f(y) = z.y.

Proof.
(i). Symmetry is obvious and linearity follows from the properties of Q.

(ii). Note that for every x € V:

_Q(22) —Q(z) —Qz) _ 4Q(z) — Qz) — Q(z) _
T.T = 5 = B =Q(z), (4.1.1)

and calculate for a quadratic form @ and an arbitrary x € V:

B¢ O¢(z,x) 43 (4.1.1)

R e R R



4.1. DEFINITIONS 71

For the other direction let ¢ : V2 — R be bilinear and define

PV — R
z — ¢(z,x).

Let now z,y € V be arbitrary and simply calculate

Pz +y) — P(x) - P(y)

F(9(6)) @) = 1P 9) = O (a,9) =

2
_¢@tyrty) —o(@2) -9 (yy)
2
_ @)+ o (@ y)+o(Wx)+o(yy) —o(x,2) — ¢ (y,y)
2
_ <b(x,y)42r¢(y7x) -
(iii). This follows directly from Q' o f = Q. O

Remark 4.5. Even though (z,y) — z.y is called scalar product, there is no such
thing as positive-definiteness since in general F is not ordered.

Notation 4.6. For a basis B = {b1,...,b, } of V and = € V, one can write
z =", x;b; where Vi € [n]: z; € F. We denote by T the vector of coefficients
(x1,...,2,)T with respect to a given basis B.

Definition 4.7 (Matrix associated to a quadratic form). Let (V,Q) be a
quadratic vector space and B = {by,...,b, } be a basis of V. The matrix of
Q with respect to B is defined as (as;); jen) where for 4,5 € [n] we define
A5 = bi.bj.

Remark 4.8. The matrix associated A to @ as above is symmetric and we have:

Q(x) 4&71) T = (imlbz) . ifjbj = i Tifj(bi.bj) = i Qi T;T .
i=1 J=1

i,j=1 i,j=1

Hence @) is a quadratic form in the variables Z;,...,Z, in the usual sense.
Furthermore we can calculate for the coefficient vectors:

SQE Ty Q@ - QW)
(@9 A ) -7 A7 - 57 A7)

- % (ZTAz+3" Ay + 7y AT+ 7" Ay — 7" Az — " Ay)

z.y

— % (z" Ay + y" A7)
=71 Aj.

Definition 4.9 (Discriminant of a quadratic form). Let (V, Q) be a quad-
ratic vector space and let A be a matrix associated to Q). Denote the projection

7r:IF—>IF/[]F*]2

and define the discriminant of @ by disc (Q) := 7 (det (4)).
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Remark 4.10. If one changes the basis that defined A by X € Gl, (F), the
matrix A’ with respect to this new basis is X - A- X7, which means

det (A') = det (A) det (X)?.

Therefore det (A) is determined up to multiplication by a square in F* hence
disc (Q) is independent of the choice of a basis.

4.2 Orthogonality

Definition 4.11 (Orthogonality). Two elements z and y of V' are called or-
thogonal if x.y = 0. For a subset H C V', we define the orthogonal comple-
ment of H by

H::={zecV|VycH:2.y=0}.

Two subspaces U,W C V are called orthogonal if U C W+ i.e. whenever
x € U,y € W implies z.y = 0. The orthogonal complement V+ of the whole
space V' is called the radical or kernel of V and is denoted by rad (V). Its
codimension i.e. dim (V') — dim (rad (V)) is called rank of Q. If rad (V) = {0},
we say that (V, Q) is nondegenerate (we may leave out V or @ if it is clear
from the context and just say that V' is nondegenerate or @ is nondegenerate).

Proposition 4.12.
(i). The orthogonal complement H* of any set H C'V is a subspace of V.
(ii). H C H++.
(iii). @Q is nondegenerate if and only if disc (Q) # 0.
Proof.

(i). Let HCV, A€ F and x1,22 € H+. Now calculate for any y € H that

(x1 +x2)y =21y + 22,y =0
= (Az1).y = A(z1.y) =0,

s0 x1 + @2 € H+ and Mz € HL.

(ii). Let * € H. To show that z € H** we have to verify that Vy €
HY: 2 = 0. Solet y € H' be arbitrary. By definition of H* we
have that Vz € H: y.z = 0, especially for z = z.

(iii). Let A be the matrix of @ with respect to a basis { b1,...,b, }. Now check
disc (Q) =0« det (A) =0
< JreV\{0}: AT=0
E32eV\{0}:VyeV:7TAT =0

< (Q is not nondegenerate
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The implication “<=” at % can be seen like this:
JzeV\{0}:VyeV: 57 AT =0
= JzeV\{0}:Vjen]: (BT)_AE:O
J
Since Vj € [n] the j-th coordinate of AZ, namely (ET) AT is zero, AT is

J
Zero. O

Example 4.13. Being nondegenerate is not passed on to subspaces: Let for
example @: R? — R be given by

Q(X1, X0, X3) = X2 + X2 4+2X5 X3 + 2X; X3

1o 1\ /X,
=(X1,X2,X3) [0 0 1] [ X
11 1) \X;

Since disc (Q) = —1 we get that the quadratic space (R3, Q) is nondegenerate.
But the subspace

T
U := o | € R3
0

with the restriction Q| is not nondegenerate since Q(X1, X2,0) = X7 and
therefore

T € 0
Vixzg| €U: x| .|1] =0
0 0 0

which means that (0, 1,0)7 is orthogonal to every other element of U.

Definition 4.14. Let U C V be a subspace and denote the dual space by
U*:={¢:U—TF|¢is linear }.

Furthermore define

qu:V — U*
z — (Udy— zy)

Fact 4.15.
(i). ker (qu) = U+
(ii). @Q is nondegenerate if and only if qy : V. — V* is an isomorphism.
Proof.
(i). For z € U with gu(z) =0 € V* we have
VyeV:0=(qu(z))(y) =y

which exactly defines U+.
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(ii). ker (qv) 9 yL which is by definition { 0 } if and only if ) is nondegenerate.
Therefore qy is injective. But since V' 2 V* it is also surjective. O

Definition 4.16. Let Uy,...,U,, € V be subspaces. We say that V is the
orthogonal direct sum of the U; if they are pairwise orthogonal and if V' is
the direct sum of them. We then write:

V=U6&...8U,.

Remark 4.17. Let V =U168...8U,, and decompose x € V into its components
xz; € U, then

Q(x) = Q1(x1) + ... + Qm(zm) (4.2.1)
where Q; := Q|y, are the restrictions of @ to U;. Conversely, if (U;, Q;) for
i € [0:m] are quadratic modules, we can define a quadratic module (V,Q)
where V = @, U; by Equation (4.2.1) above and have:

V=U:6...6U,,.

Example 4.18. If U C V is a supplementary subspace of rad (V) (i.e. V =
U @rad (V)) then

V =Urad (V).

Proposition 4.19. Let (V, Q) be nondegenerate. Then the following statements
hold:

(i). All metric morphisms of V into a quadratic module (V', Q") are injective.
(ii). For all subspaces U C V', we have:

(a) dim (U) + dim (U*) = dim (V)
(b) Ut =U
(c) rad (U) =rad (UL) =UNU*

The quadratic module (U, Q|y) is nondegenerate if and only if the quadratic
module (UL, Q|UJ_) is nondegenerate in which case V=U@QU> .

(iii). If V is the orthogonal direct sum of two subspaces, they are nondegenerate
and each of them is orthogonal to the other.

Proof.
(i). If f: V = V' is a metric morphism and if f(z) = 0, we have
ry=f(z).fly) =0 VyeV.

This implies = 0 because (V, Q) is nondegenerate.
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(ii). Let U C V be a subspace. Note that gy = qy o my- where my+: V* — U*
is the dual of the inclusion U — V. Since gy is bijective (by Fact 4.15(i)),
qu is surjective, thus with the canonical injection ¢ : U+ — V the following
sequence is exact:

L qu

{0} Ut 1% U* {0}

hence
dim (V) = dim (U*) + dim (U™+) = dim (U) + dim (U*)..
Taking U+ as the subspace in this argument we also get
dim (V) = dim (U") + dim (U*+)
which implies that
dim (U) + dim (U*) = dim (V) = dim (U*) + dim (U*+)

giving that dim (U) = dim (U*++). Proposition 4.12(ii) now implies U =
UL+, By the definitions:

rad(U) ={zeU|VyeU:z.y=0}
Ut ={zecV|VyeU:2y=0}

we clearly get U N U+ = rad (U). Applying this formula to U+, we get
UtNnUt =rad (UJ-) and calculate

rad (U) = U o 2 UL 0 U = rad (U) .

(iii). This statement is trivial, because if V.= U@ W is nondegenerate, none
of U and W can be not nondegenerate and orthogonality directly follows
from the defintion of the orthogonal direct sum. O

Example 4.20. Example 4.13 does not yield a counterexample to Proposi-
tion 4.19(iii): Since even though with

X, 0
U= Xyl eR? ), W= 0| eRr?
0 Ys

it follows that R3 = U @ W we can also calculate

X4 0 1 0 1 0
X2].10 = (X1 X O) 0 0 1 0 = (X1 + X2)Y3.
0 Y; 1 1 1 Y3

This gives us that for example (1,0,0)7 € U and (0,0,1)T € W are not orthog-
onal, which means that R3 is not the orthogonal sum of U and W.
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4.3 Isotropic vectors

Definition 4.21. An element z € V is called isotropic if Q(z) = 0. A sub-
space U C V is called isotropic if all its elements are isotropic.

Example 4.22. A nondegenerate space can contain isotropic vectors: Consider
the quadratic form Q(z,y) = 2zy over R%. The associated matrix is

0 1
A= (1 0) |
One has Q(1,0) = 0 which means that (1,0)7 is isotropic but det (4) = —1 # 0
which means that (R?, Q) is nondegenerate.

Fact 4.23.
U isotropic < UCU+ & Qly=0

Definition 4.24. A quadratic module having a basis formed of two isotropic
elements z,y € V such that x.y # 0 is called hyperbolic plane.

Remark 4.25. Without loss of generality, we can assume that z.y = 1: Just
multiply y by %y Then the matrix of the quadratic form with respect to the
1 é) The discriminant then is disc (Q) = —1, in particular
@ is nondegenerate.

basis {z,y } is (0

Proposition 4.26. Let x € V\{0} be isotropic and @ be nondegenerate. Then
there exists a subspace U C V' which contains x and is a hyperbolic plane.

Proof. Since V' is nondegenerate, there exists z € V such that z.z = 1. The
element y = 2z — (z.z)x is isotropic and z.y = 2. The subspace U = (z,y) has
the desired property. O

Corollary 4.27. If (V,Q) is nondegenerate and contains a nonzero isotropic

element, we have Q(V) =TF.

Proof. We have to show that Va € F Jv € V such that Q(v) = a. Without loss
of generality, we may assume that V is a hyperbolic plane: Let € V be the
nonzero isotropic element, then with Proposition 4.26 we can get y € V such
that (z,y) is a hyperbolic plane. Furthermore we can assume that z and y are
isotropic and x.y = 1 (see Remark 4.25). Now for a € F one calculates

(5 o) (3) =0 9(F)-a

and therefore get we get a = Q (z + %y). 0O

(1

e
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4.4 Orthogonal bases

Definition 4.28. A basis {by,...,b, } is called orthogonal if its elements are
pairwise orthogonal i.e.

V=0)O...0(0,).

Remark 4.29. If V is nondegenerate, this is equivalent to saying that the matrix

associated to ) with respect to the basis B = {b1,...,b, } is a diagonal matrix
with diagonal entries a1, ..., a, € F*:

aq 0 0

0 a9 0

0 0 an
If 7= (x1,...,2,)7 is the coordinate vector of € V with respect to the basis

B, we have that Q(x) = a12? + ... + ap22.

Fact 4.30. Let (V,Q) be a nondegenreate quadratic space with an orthogonal
basis {b1,...,by }, then Vi € [1:n]: (b;.b;) # 0.

Proof. Write
V=)0 ().

Now Proposition 4.19(iii) gives that each (b;) is nondegenerate which makes it
impossible for b; to be isotropic. O

Theorem 4.31. Every quadratic module has an orthogonal basis.

Proof. We prove this by induction on the dimension n := dim (V). The case
n = 0 is trivial. Now let n be arbitrary. If V is isotropic, all bases of V are
orthogonal. Otherwise, choose an element b € V such that b.b # 0. Now the
orthogonal complement U := {b }L is a hyperplane (i.e. has dimension n — 1)
and since b ¢ U, one has V = (b)®U. By induction hypothesis U has an
orthogonal basis B and {b} U B is an orthogonal basis. O

Definition 4.32. Two orthogonal bases
B={by,....,bp} and C={c1,...,cn}

of V are called contiguous if they have an element in common (i.e. if there
exist ¢ and j with b; = ¢;). A sequence of bases (By, B, ..., By,) is called a
chain contigouously relating B and C if

e B; C V is an orthogonal basis for 1 < i < m,
e By =B and B, =C,

e B; and B;;; are contiguous for 0 <7 < m.
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Lemma 4.33. Let (V,Q) be a nondegenerate quadratic module, a,b € V' \ {0}
and define P as the vector space spanned by a and b. Then

(a.a)(b.b) # (a.b)? < (dim (P) = 2 and P is nondegenerate) .
Proof. We will prove the equivalent statement
(a.a)(b.b) = (a.b)? < (dim (P) < 2 or P is degenerate).
“<”: Asume that dim (P) < 2, then there exists A € F with a = Ab implying;:
(a-a)(b.b) — (a.b)® = (Ab.Ab)(b.b) — (Ab.b)* = A?(b.b)* — A*(b.b)* = 0.

If P is degenerate. Then there exists v = Aa + pb € P\ {0} with the property
that Vw € P: (v.w) = 0. Now calculate

0= (v.a) = Aa.a) + p(b.a) < —p(b.a) = A(a.a) (4.4.1)

0= (v.b) = A(a.b) + pu(b.b) < —A(a.b) = p(b.b).
Since v # 0 at least one of p and A is not zero. If A # 0 we get by (4.4.2) that
(a.b) = =K (b.b) which, substituting in (4.4.1), yields

[ u2
ux(b.b) = MNa.a) & F(b'b) = (a.a).

Putting this all together we get
2 2
2 _ M K
(a.a)(b.b) — (@.b)? = 5 (b.6) (b.b) - (j(b.b)) =0.

The same works for p # 0 because (4.4.1) and (4.4.2) are symmetric in ¢ and b.

“=": Define the element
¢:= (b.b)a — (a.b)b e P
and observe that

.a = (b.b)(a.a) — (a.b)(b.a) = 0 by assumption
¢.b = (b.b)(a.b) — (a.b)(b.b) =0

So ¢ € rad (P), which leads to either ¢ is zero or P is degenerate. In the
latter case, we are done, else we get that (b.b)a — (a.b) = 0, which is a linear
combination of 0 in @ and b (which generate P). Hence either dim (P) < 2 (in
which case we are done again) or (b.b) = 0 and (a.b) = 0, which implies that
b € rad (P). Now if b = 0, we analogously get that dim (P) < 2 and if b # 0, P
is degenerate. O

Lemma 4.34 (Gram-Schmidt). Let (V,Q) be nondegenerate, a,b € V lin-
early independent and a nonisotropic. Then there exists ¢ € V' such that

(a,b) = (a) ©&{c)
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Proof. Set p := %a, ¢ := b — p and calculate:

b
a.c=a.(b—p)=ab—ap=ab— a.a> = 0.
a.a

Let A\, u € F and calculate
a.b a.b
O=Xa+puc=da+pub—pup=a+pub—pu—a=(A—pu—"1,a+ ub.
a.a a.a

Since a and b are linearly independent, we get 4 = 0 and A — u%’Z =0, ie.
A = 0, meaning that a and c are linearly independent, too. O

Theorem 4.35. Let (V,Q) be a nondegenerate quadratic module of dimension
dim (V) > 3 with two orthogonal bases B and C. Then there exists a chain
contigously relating B and C'.

Proof. Let B ={b1,...,b, } and C ={c,...,c, } and define
Vie {1,2} DG = (bl.bl)(ci.ci) — (bl.Ci)Q.

We now distinguish the cases where p; =0, uo =0 and p; # 0 for i € {1,2 }:

Case 1 (u1 #0). By assumption and Lemma 4.33 (applied to b; and ¢;) P :=
(b1, c1) has dimension 2 and is nondegenerate. Since B and C are both
orthogonal bases, by Fact 4.30 we know that b; and ¢; are both nonisotropic
and Lemma 4.34 therefore yields z,y € V with

P={0)®(x) and P=/{(u)®(y)

Additionally by Proposition 4.19 we get, that P+ is nondegenerate, too, and
ultimately V = P@ P*. Now let {ds,...d, } be an orthogonal basis of P+
(which exists because of Theorem 4.31). Then the sequence

( B y {bl,]},d?,,...,dn} s {Cl,y,dg,,...,dn} , C )

contigouously relates B and C.
Case 2 (ug # 0). This is analog to the case p; # 0 by switching ¢; and cs.
Case 3 (11 = pu2 = 0). The condition on p; is equivalent to

Vi€ {1,2} : (bl.bl)(ci.ci) = (bl.ci)g.
With this, we prove the following claim:

Claim 4.35.1. 3\ € F: ey := ¢ + Acg is nonisotropic and {(ex,b1) is a
nondegenerate plane.

Proof. For ey being nonisotropic, we need to ensure that 0 # ey.ey. So
calculate

(ex-ex) = (c1.c1) + 2X\(c1.ca) + A2(ca.c2) = (c1.¢1) + N2 (ca.c2)

since C' is orthogonal. We know that (¢;,¢;) # 0 (Fact 4.30) and therefore

have that e, is nonisotropic if and only if A\? # —%
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Applying Lemma 4.33 to ey and by yields that it is necessary and sufficient
for them to generate a nondegenerate plane that

(bl.bl)((i)\.e)\) - (b1.6)\)2 7é 0

So calculate

(bl.bl)<€)\.6)\> = (bl.bl)((cl.cl) + )\2(02.02»
= (bl.bl)(cl.cl) —+ )\2(b1.b1)(62.02)
= (b.c1)? + A%(b1.c2)®  since p; =0

and

(bl.e)\)z = (bl.Cl + )\(bl.Cg))Q
= (b1.61)2 + 2/\(b1.61)(b1.02) + /\2(b1.82)2

leading to

0 # (bl.bl)(e)\.eA) - (bl.e)\)z = —2>\(b1.61)(b1.02)

By Fact 4.30 and p; = 0, we get that (by.c;)? # 0 and therefore that A # 0.
Summarized, ey verifies the conditions of Claim 4.35.1 if and only if A2 #
—% and A # 0. This rules out only 3 values for A € F, so if F has at
least 4 elements, we are done. We are left to show the statement for the case
F =F5 (F = F; is excluded, since char (F) # 2): In F3, all nonzero squares
are 1, so u; = 0 is equivalent to (by.b1)(c;.c;) = 1. Now calculate

_61.61 _ _(bl.b1)(cl.cl) -1

C2.C2 (bl.bl)(CQ.Cg)

A2 #£
and see that A\ = 1 realizes the conditions A2 # —1 and A # 0 which finishes

the proof of Claim 4.35.1. O

Let A € F be as in Claim 4.35.1. Since ey = ¢; + Ace is not isotropic there
is y € V such that {ex,y } is an orthogonal basis of (c1, c2). The set

D= {e)\ayvcf%"';cn}
then is an orthogonal basis of V' because
Vi€ [3:n]: ex.c; = (e1 + Aea).c; = ¢1.¢; + Aea.c; = 0.

So C and D are contigously related. But since (b1,ey)) is a nondegenerate
plane, Case 1 of this proof contigously relates B and D, ultimately yielding
that B and C are related contigously. O

4.5 Witt’s Theorem

In this section let (V,Q) and (V’,Q’) be two nondegenerate quadratic spaces,
U C V asubspace of V and s : U — V' be an injective metric morphism. The
goal is to extend s to a subspace larger than U, and, if possible, to all of V.
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Proposition 4.36. If U is degenerate, there exists Uy C V' containing U with
dim (U1) = dim (U) + 1
extending s to an injective metric morphism sy: Uy — V' with s1|y = s.

Proof. Let x € rad(U) \ {0} and g : U — F be linear such that g(z) = 1.
Since V' is nondegenerate, Fact 4.15(ii) implies that ¢y is an isomorphism and
therefore surjective i.e. that there exists y € V such that gy (y)|ly = ¢ or in
other words for all u € U: g(u) = u.y. Since = € rad (U) and y.x = 1 # 0 we
get that y ¢ U and therefore that Uy := U & (y) contains U as a hyperplane.

Replacing y by y — Az with A = (y.y)/2 does not change g since for any
ueU:

u.(y — Ax) = wy — A u.x, = u.y.
=0 since
zerad(U)

But the replacement yields that y.y = 0 since

(4~ M)y~ Aa) = (1) — 22 (3.2) 42 (2.2) = () — 282 —0,
=

=1 since =0 since
g(z)=1 zerad(U)

The same construction works for U’ := s (U), 2’ = s(z) and ¢’ = gos~! yielding
y € V'and U] = U’ @& (y'). Define s1: Uy — U7 by
si:U@ (y) > U e ()
(u, ay) = (s(u), ay).
We claim that s; is a metric isomorphism. s; is indeed well-defined, linear,

injective and surjective by definition and we check that it is metric. Let u € U
and ay € (y), then

4.17

Q (s1(u, ay)) = Q' (s(u), ay’) = Q'lu (s(u)) + Q'ly) () = Q' (s(u)).
—_———

=0 since y’.y'=0

And since s is metric, Q' o s = @, implying that ' o s; = Q and finally that s;
is metric. O

Theorem 4.37 (Witt). If (V,Q) and (V',Q’) are isomorphic and nondegen-
erate, every injective metric morphism

s: U=V
from a subspace U CV can be extended to a metric isomorphism of V' onto V'.

Proof. Since V and V' are isomorphic, we can without loss of generality assume
that V' = V’. If V is degenerate, we can apply Proposition 4.36 to be finished
or to be left with a nondegenerate subspace U C V. We argue by induction on
dim (U).
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If dim (U) = 1, U is generated by a nonisotropic element « € U. For
y = s(x), we have y.y = s(z).s(z) = z.x. One can choose ¢ = £1 such that
T + €y is nonisotropic too since otherwise we would have:

0=(z+vy).(zr+y)=zx+2zy+yy=2c.0+21y
0=(x—vy)(x—y) =z2—20y+yy=202—22y
=>0=4z.x & 0=22

Define z =  + ey and let H = (z)*. We have V = (z)@®H by Proposi-
tion 4.19(iii) since (U, Q) is nondegenerate. Let o: V' — V be the unique auto-

morphism defined by 0|y = idgy and o (z) := —z. We have
olx—ey) = x—ey since x —ey € H
o(x+ey) = —x—ey by definition
yielding

o2z)=0(zx—ey)+o(z+ey) =z —ey—x —ey = —2ey

and ultimately o(xz) = —ey, hence the automorphism —eo extends s.

If dim (U) > 1, we decompose U as Uy & Us with Uy, Us # {0 }. By induction
hypothesis, the restriction s; of s to U; extends to an automorphism o; of V.
After replacing s by o] 16 s one can thus suppose that s is the identity on
U;. Then the morphism s carries Us into the orthogonal complement V; of
U;. Again by induction hypothesis, the restriction of s to Uy extends to an
automorphism og of V4. Define o by |y, = idy, and oy, = o2 has the desired
property. L]

Corollary 4.38. Two isomorphic subspaces of a nondegenerate quadratic mod-
ule have isomorphic orthogonal complements.

Proof. Let U, W C V be two isomorphic subspaces. By Theorem 4.37 we can
extend the isomorphism between them to an automorphism of the whole space
and restrict it to the orthogonal complement U+, yielding an isomorphism be-
tween UL and W+, O

4.6 Application to quadratic form equivalence

Definition 4.39. Let f € F[Xy,...,X,] be a quadratic form with

F(X1, Xn) =Y auX?+2) ayXiX; Vi<jeln]:a;eF

i=1 i<j
then (F™, f) is the quadratic module associated to f.

Proposition 4.40. Quadratic forms in the same number of variables are equiv-
alent if and only if the associated quadratic modules are isomorphic.

Proof. An isomorphism of quadratic modules ¢ : (F", f) =, (F",g) can be
represented by a matrix P € Gl,, (F) such that f o P = g which is exactly the
definition of form equivalence. O
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Remark 4.41. Let f,g € F[Xy,...,X,] be two quadratic forms with correspond-
ing matrices A and B. Stating f ~ g amounts to saying that there exists
X € Gl, (F) with B= XAXT (by Remark 4.10).

Definition 4.42. Let f € F[X,,...,X,] and g € F[zy,...,z,] be two quad-
ratic forms, then we define the orthogonal sum f&g € F[Xy,..., X 1m]
by

(fOg) (z1,. s Tnym) = f(z1,. .., 2n) + 9(@nt1, -« o s Trpm)-
Correspondingly we write f & g := f @(—g).

Fact 4.43. The orthogonal sum of forms corresponds to the orthogonal sum of
quadratic spaces, i.e. Vf € F[Xy,...,X,],9 €Flay, ..., Tm]:

(E"™, f@g) = (F", f)© (F",g).
Proof. Define the map ¢ : F* & F™ — F*™™ component-wise by
F" > (21,...,2,) — (21,...,70,0,...,0) € F"t™
and
F™ 3 (21,...,2m) = (0,...,0,21,...,2,) € F"T™,

This map induces an isomorphism of vector spaces, which is also a metric mor-
phism by definition of f&g. O

Fact/Definition 4.44. A form f € F[X,Y] is called hyperbolic if and only
if:

fray~X2 Y2
This means that the quadratic space (F2, f) is a hyperbolic plane.
Proof. First note that XY and X2 — Y2 are equivalent via

X+Y
TZ{X 2

X-Y >
Yy o XX

since

X+Y\? [(X+Y)?

T(X)Z—T(Y)2:( ks )-( ks )
2 2

CX24+2XY +Y?2 X2 -2XY +Y?
B 4 a 4

= XY.

Let now f € F[X,Y] be hyperbolic. We need to find a basis { v, w } of isotropic
vectors such that v.w # 0. Since f ~ XY, there exists A € Gl,, (F) such that

f (A (g)) — XY (4.6.1)
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Now choose

which is, since A is bijective, a basis of F2. Now calculate with the help of
(4.6.1):

yielding that

v =2 (f(o+u) — (o) — f(v)) = 3 (4F (@) ~ F(w) ~ () =0
waw = 3 (F(w -+ w) — f(w) =~ fw) = 3 (4 (w) ~ f(w) - f(w)) =0
1 1
vaw = L (f(v+w) — f() — f(w)) = 3 #0.
This means that (F?, f) is a hyperbolic plane. O

Definition 4.45. A form f € F[Xy,...,X,] represents an element a € F if
there exists x € F" \ {0} with f(z) = a.

Remark 4.46. A quadratic form represents zero if and only if the corresponding
quadratic space contains a nonzero isotropic element.

Proposition 4.47. If f € F[X;,... ,Xn]:2 represents zero and is nondegen-
erate, one has f ~ h& g where h is hyperbolic and g is a form of rank n — 2.
Moreover, f represents all elements of F.

Proof. Basically this is the translation of Proposition 4.26 and Corollary 4.27
into the language of quadratic form equivalence: Since f represents zero, there
exists a nonzero isotropic element x. Then by Proposition 4.26 there exists a
hyperbolic plane U C V containing x, which by Remark 4.25 is nondegenreate.
This implies with Proposition 4.19(iii) that F = U @ U~ where U is a hyperbolic
plane. By Fact/Definition 4.44, we get that there is an h that is hyperbolic.
Finally by Corollary 4.27 we have that f (F") = F which means that every
element of I is represented. O

Corollary 4.48. Let g € F[Xl,...,Xn_l]:Q be nondegenerate and a € F*.
Then the following properties are equivalent:

(i). g represents a.
(ii). I € F[Xy,..., Xn 2] : g~ h®aX2.

(iii). g© aX?2 represents zero.
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Proof.
Step 1 ((ii)=-(i) and (ii)=-(iii)). Let h be as in the statement. Set
t:=(t1,...,tn—2,tp) with Vi€ [l:n—2]: ¢, =0and t, =1
and calculate
(h®az?) (t) = a.
Let 7 be a form equivalence between g and h@ax?. Then we have

g(r(t) = (h®az?) (t) = a.

As 7 is invertible and linear, from ¢ # 0 it follows that 7 (¢) # 0. Hence g
represents a. This immediately gives

(9Saxy) (r(t),1)=a—a=0.

Step 2 ((i)=-(ii)). Since g represents a, the quadratic space corresponding to
g contains an element x such that x.x = a. By Proposition 4.19(ii) we then
can write F*~' = {2} & (x). Now let {by,...,by_s} be a basis of {z }*-
and define the quadratic form h by

n—2
h(Xl, R ,Xn_g) = Z b;b; X; + 2 Z bi.ijin.
i=1 i<j
Fact 4.43 then implies the statement.

Step 3 ((iii)=(i)). If the form f := g&ax? represents zero, there exists a
nontrivial zero (1, ...x,) of f. Then we distinguish the following two cases:

Case 1 (z, = 0). This implies that (x1,...,2,—1) is a nontrivial zero of g
and by Proposition 4.47 it follows that g represents a.

Case 2 (z, # 0). In this case, we have
0= f(zla-zﬂaxn) :f(xl’...7l'n_171) :g(zl"”’xn—l) _ a0
.’L‘n xn xn (En x’ﬂ

Theorem 4.49 (Decomposition into Sums of squares). It holds that

VEEF[Xy,. .., X" Jar,...,a, €F: f~ Y a; X7
=1

Proof. Theorem 4.31 together with Fact 4.43 gives the statement. O

Fact 4.50. Let f € F[Xq,... ,Xn]ZQ. By Theorem 4.49 there exist ay,...,a, €
F such that f ~ Y, a;X?. The rank (f) defined in Definition 4.11 coincides
with the number

{ieln]a; #0}.

Two isomorphic quadratic modules (F™, f) = (F™, g) are of the same rank.
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Fact 4.51. For any f € F[X,,... ,Xn]zz, we can write
f(X1,. 0 X)) = (X1, X)) AKX, ., X))

for a symmetric A € F™*™ with entries a;; € F. Since A is a symmetric matriz,
we can efficiently obtain C € Gl, (F) by the Gram-Schmidt process (without
normalization) such that CACT is diagonal. Name the diagonal elements b; € FF.
Then we have

F((X1,. . X0)C) = (X1,..., X,)CACT (X, .., X)) =) b X7
i=1

This process makes Theorem 4.49 explicit and takes O (b . n3) where

b:=log (121&;2(71 {a;j })

is the maximal bitsize of the entries of A.

Corollary 4.52. Let g and h be two nondegenerate forms of rank > 1 and
f:=g&h. The following properties are equivalent:

(i). f represents zero.
(ii). Ja € F* which is represented by g and by h.
(iii). Ja € F* such that g& aZ? and h© aZ? represent zero.

Proof.
Step 1 ((ii)«<(iii)). This follows from Corollary 4.48.

Step 2 ((ii)=-(i)). Since f is defined as the difference of g and h it represents
zero.

Step 3 ((i)=(ii)). A nontrivial zero of f can be written as (z,y) with f(z) =
g(z) (by definition of &). If a = g(z) = h(y) is # 0, we are done. So let
a = 0 which means that at least one of the forms g and h represents zero,
say g. By Proposition 4.47 g represents all elements of I, and in particular
all nonzero values taken by h. O

Theorem 4.53 (Witt’s Cancellation Theorem). Let f = g@h and f' =
g Oh' be two nondegenerate quadratic forms. If f ~ f' and h ~ h', one has

g~g.
Proof. Corollary 4.38 gives the statement. O

Corollary 4.54. If f is nondegenerate, then there exist hyperbolic g1, ..., gm
and an h that does not represent zero with:

f~918..09m,Oh
and this decomposition is unique up to equivalence.

Proof. Existence follows from Proposition 4.47 and uniqueness from Theorem 4.53.C]
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4.7 Quadratic forms over v-adic numbers

Let v € V and p € P in this section. Remember that for v = oo, the v-adic
numbers are R. The goal of this chapter is to define invariants of quadratic
forms over the v-adic numbers that fully classify their equivalence. Later, we
will show that these invariants are computable in an efficient way under certain
assumptions.

Definition 4.55 (The Hasse-Minkowski invariant). With the help of the
Hilbert symbol!, we now define the following map for every v € V:

e Q)" — {&£1}
(aty...,ap) +—> Hiq(ai,aj)v.

If (V,Q) is a nondegenreate quadratic module of rank n with orthogonal basis
B ={b,...,b, } we define furthermore

9 (B) = (b1.b1, ceey bnbn) .
Theorem 4.56. ¢ does not depend on the choice of the orthogonal basis.

Proof. Let v € V and B = {by,...,by, } be an orthogonal basis of a nondegen-
erate module (V, Q) of rank n. We will use induction on n:

Step 1 (n =1). We have ¢ (B) = 1.
Step 2 (n =2). We have that € (B) = (b1.b1,b2.b2),. By definition we have

(b1.b1,b2.b2), = 1 if and only if 22 = b1.bix? + by.byy? has a nontrivial
solution or, in other words, the form

Z?% — (by.by) X2 — (bg.by) Y? (4.7.1)

represents zero. Note that Z2 and (by.b1) X2 + (ba.b2) Y2 are nondegenerate
forms. So by Corollary 4.52 we have that (4.7.1) represents zero if and only
if there exists a € F* and z € F*, (z,y) € F2\ {0 }:

2’2 =a= (bl.bl) .’£2 + (bz.bz) y2.

But (by.by) X%+ (ba.ba) Y2 represents a € F* ifand only if Jv € V: Q(v) = a,
which does not depend on the choice of the basis B.

Step 3 (n—1 —n). Let n > 3 and the statement be proven for n — 1. By
Theorem 4.35 every pair of orthogonal bases is contigously related. So if
we prove the statement for two contiguous bases, it follows for any two
bases (since there exists a chain contigously relating them). So let B =
{b1,...,bp } and B’ = {¥b},...,b), } be two contiguous orthogonal bases of
V. Since the Hilbert symbol is symmetric (see Proposition 3.9(ii)), £ (B) does
not change if we permute the elements of B. So without loss of generality
assume that b; = b}. For shortage of notation, define

Vi€ [n]: a; := b;.b;, a = bl.b,.

?

So the assumption above translates into

a; = aj (4.7.2)

1See Definition 3.2
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First note that
3.4 .
(a1,a2 - ap) = (ar,af-ag- - an), = (a1, a1disc (Q)), (4.7.3)

and calculate

1<J i=1j=1
J#i
n n n
= ([L@.ap, ][I (@.q
j=2 i=2j=2
J#i
3.13
15y an e an) - HH anay),
=2 j=2
J#i
(4.7.3
= (a1, ardisc (Q HH a;, aj),
1=275=2
J#i

Similarly we have that

e (B’ = (a}, a}disc (Q HH aj,af)

=2 j=2
J#i

472 (a1, ardisc (Q HH a;, ]

=2 j=2
J#i

The induction hypothesis, applied to the orthogonal complement of by, yields

n n
TI1T @, | = | TITT (o5),
i=2j=2 i=2 j=2
i i

from which the desired result follows.
Notation 4.57. From now on, we write ¢ (Q) instead of € (B).
Corollary 4.58. Forv eV and f € Q, [X1,... 7Xn]z2 with
fra X 4. 4 a, X"
we have that the two elements

disc(f) =ay -+ an € QF /[QF)?
e(f)=]](ai,a)), € {£1}

1<J

are invariants of the equivalence class of f.
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4.7.1 Representing p-adic numbers

Lemma 4.59. Define

T::{g if p#2

else.

P

Furthermore, define for a € Q;;/[Q*]z and e € { £1} the set

H ::{xe (@;/[Q;]Q ‘ (m,a)p:e}.

Then the following statements hold:

(i)-
(ii).

@/ Q)" =2

We have that for a € Q;/[Q*f and e € {£1}:

P

o Ifa=1: ’H(H:T and ’Ha_1|:0.
o Ifa#1: |H|=2""1.

Let a,a’ € Q;/[Q;f and e,¢ € {£1}. If HS and H;i are nonempty it
holds that

’
HNH,=¢ < a=d and e=—¢".

Proof.

(i).
(i).

(ii).

This summarizes Corollaries 2.112 and 2.114.

The case a = 1 directly follows from Fact 3.7(i). Now let a # 1 and then
by Theorem 3.13, we have that the homomorphism

0 /(@) — {#1)

b — (a,b),

is onto. Thus ker (¢) is a hyperplane in Q;‘,/ [Q;] ? and has 2"~ elements.

Its complement H; ' has 27! elements since it is an affine hyperplane
parallel to H_.

If both H{ and H;: are nonempty and disjoint, they have necessarily

271 elements each and are complementary to one another, which implies
H; = Hg,. Hence

Ve Q;/[Q;]Q : (r,a), = (x,a’)p.

This, again by Theorem 3.13, implies that a = o’ and € = €’. The converse
is trivial. O
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Now we will give equivalent conditions for a quadratic form f to represent
zero. First note that by Theorem 4.49, we can assume without loss of generality
that the rank is full and:

f:Zain'Q Vie[l:n]:a; #0.
i=1

We will handle the different numbers of variables separately. Each of the differ-
ent cases for n will give a corollary — not only for p € P but also for v € V: For

aec Q} / [Q]? define f, := f & aZ? for a fresh variable Z. We know by Corol-

lary 4.48 that f, represents zero if and only if f represents a. The discriminant
and ¢, evaluate to:

disc (fo) = —a-disc(f) and &, (fa) = (—a,disc (f)), &0 (f) - (4.7.4)

Applying the following Lemmas 4.60, 4.62, 4.64 and 4.66 to f,, we get the
corresponding Corollaries 4.61, 4.63, 4.65 and 4.67.

Lemma 4.60. f € Q, [X1, X2]™2 represents zero if and only if

disc (f) = —1.

Corollary 4.61. For a € Q;/[Q;f, feQ, [X1]72 represents a if and only
if

disc (f) = a.
Proof. We are looking for (z1,22) € Q2 \ {0} with

ai
0=aiz] + a3 & —a—sz = 22

Since none of the x; can be zero, such x; can be found if and only if 72—; is a
square. But in Qj, / [Q;}Q we can calculate

e —ajag = —disc (f).
az

Together with the fact that if —Z—; is a square, it is equal to 1 in Q;/[@;]z,
we get disc (f) = —1.

Lemma 4.62. f € Q, X1, X2,X3]:2 represents zero if and only if
(—1, —disc (f))p =¢e,(f).

Corollary 4.63. For a € QZ/[@;]Q, feQ [Xl,Xg]:2 represents a if and
only if

(a, —disc (f)),, = & (f)-
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Proof. f represents zero if and only if
2 2 2 v2 2 2 2 _.
—a3f = —asa1 X{ — azas X5 —a5X5 ~ —aza1 X7 —aza: X5 — X35 =g

represents zero. Simply by Definition 3.2, we have that g represents zero if and
only if (—azaq, —Cbgag)p = 1. Using the bilinearity of the Hilbert symbol, we get

1 = (-aszai,—azaz),
= (-1,-1),(-1,a3), (=1, a2), (a3, -1),
(a )p(aava2)p(alv 1), (a1, a3), (a1,az2),
= (-1,-1),(-1,a),(-1,a3),(-1,a2), (-1, a3),
(a1,a )p(alvas)p(ama:’))p(a:’)va:’))
= (-1,-1), (-1, a1), (=1, a2), (a1, a2), (a1, a3), (a2, as), (a3, as),
PV (C1,-1), (< 1a0), (<1, az), (a1, a2),, (a1, a3), (a2, as), (~1,a3),
= (-1, —a1aza3), (a1,a2), (a1,a3), (a2, a3),
= (=L —=disc(f)),e(f)
which is equivalent to saying that (—1, —disc(f)), = ¢ (f). O

Lemma 4.64. f € Q,[X1, X2, X3, X4]:2 represents zero if and only if
disc (f) #1 or (disc (f)y=1and ¢, (f) = (fl,fl)p) .

Corollary 4.65. For a € QZ/[Q;}Q, feQ [Xl,Xg,Xg]:2 represents a if
and only if
disc (f) # —a or (disc (f) = —a and €, (f) = (-1, —disc (f))p> .
Proof. Define
g =a1 X} +axX; and h:=—a3X3 —as X}

Since f = g & h, Corollary 4.52 implies that f represents zero if there exists an
element = € Q; / [@;]2 that is represented by ¢ and by h. By Corollary 4.63
such an element is characterized by the conditions

(z,—disc(g)), ==(9) © (v,—maz), = (a1,a2),
(z,—disc(h)), =¢c(h) < (2,—azaq), = (—as, —as),

Now define the subsets of Q) / [Q;‘,] * that satisfy these two conditions:

A= {xe Q;‘,/[ 2 ’ T, —a1az), (al,az)p}
B::{er;/[ 2’ T, —azas), = (— a37—a4)p}

In order that f does not represent zero, it is necessary and sufficient that ANB =
. Note that A and B are nonempty (we have a; € A and —a3 € B for example)
and Lemma 4.59(iii) yields that AN B = & is equivalent to

ajas = azay and  (aq, ag)p = — (—as, —a4)p. (4.7.5)
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The first condition in (4.7.5) is equivalent to disc (f) = 1. So if disc (f) # 1,
we have that AN B # & and f represents zero. So assume disc (f) = 1 and
calculate

a1, az), a17a3) (a17a4)p (a27a3)p (a2,a4)p (a37a4)p
ai,az),(ai a3a4) (ag,a3a4)p (a37a4)p

ai,az), alag,a3a4) (ag,a4)p
a1,a2), (asas, asas), (as, as),

= (a1, a2), (
= (a1,a2), (
= (a1, a2), (
= (a1, a2), (
=(a1,a2), (—1,a3a4), (a3, a4),
=(a1,02), (=
= (a1, a2), (=
= (a1, a2), (=
=(a1,02), (=

a1, az2), (—1,a3),(—1,a4), (a3, a4),
a1,az), (—1,(=1)(—as)), (—as, a4),
ai,az), (—1,-1), (=1, —a3), (—as, a4),
ai, az), (-1, -1), (—as, —as),
which is
—(—as, —aq), (-1,-1), (—a3, —as), = — (-1,-1),
if and only if (a1,a2), = — (—as, —aa),, the second condition in (4.7.5). O

Lemma 4.66. For every n € N>5 we have that f € Qp [ X1, ..., X,] represents
zero.

Corollary 4.67. For every a € (@;/ [Q;] > andn € N>4 we have that f €
Qp [X1, ..., Xy] represents a.

Proof. We will prove the case n = 5 which then implies the statement for n > 5:
If every quadratic form of rank 5 represents zero, every form of higher rank does

so too. Let r and H be as in Lemma 4.59 and observe that for every quadratic
form g = a1.X1 + a2 X5 over Qy:

* %72 .
H G = {eeq/Ig) | @ —disc(9), =<}
188 {x € Q;/[Q;}Q ’ g represents x } .
Now if ajas = disc (g) = —1 we can calculate
3.9(v
1Y (e, —ar), = (a1, 1), (a1,01), = (a1, a102), (a1, 01),

= (a1,a1), (a1,02), (a1, 01), = (a1,02), = £(9),

which means that there cannot be the case of H; * in Lemma 4.59. Statement
(i) of this Lemma implies that g represents at least 2" ! elements. Since this
is true for forms of rank 2, it is also true for forms with greater rank e.g. f.

Since 277! > 2, f represents at least one element a € Q, / [Q;f distinct from
disc (f). We then have

f~aX?@h
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where h is a form of rank 4. The discriminant of / is di%(f) and since a # disc (f)
we have disc (h) # 1, which by 4.67 implies that h represents zero. The same is
then true for f. O

Lemmas 4.60, 4.62, 4.64 and 4.66 can be summarized in the following theo-
rem.

Theorem 4.68. Let f € Qy[X1,...,X,]™2 be of full rank. It is necessary and
sufficient for f to represent zero that one of the following statements hold

(i). n =2 and disc(f) = —1.
(ii). n=3 and e (f) = (=1, =disc(f)),-
(ii). n =4 and (disc (f) #1 or (disc(f) =1 and £ (f) = (=1,-1),)).
(iv). n > 5.
Corollaries 4.61, 4.63, 4.65 and 4.67 can be summarized as:

Corollary 4.69. LetpeV,a € Q;/[Q*f and f € Q,[X7,.. .,Xn]:2 of full

P
rank. In order that f represents a it is necessary and sufficent that one of the

following holds:
(i). n=1 and a = disc (f).

(ii). n =2 and (a,—disc(f)), = (f).
(iii). n = 3 and (a # —disc(f) or (a = —disc(f) and (-1, —disc(f)), =
(/)

(iv). n > 4.

Remark 4.70. As always, a and disc (f) are elements of Q;/[Q;]Q. So the

inequality a # —disc (f) for example means that a is not equal to a product of
—disc (f) with a square.

4.7.2 Classification of p-adic quadratic forms

This section will give a complete classification of the form equivalence for the
quadratic p-adic case via the rank, discriminant and Hasse-Minkowski invariant
of a quadratic form.

Theorem 4.71. Two quadratic forms over Q, are equivalent if and only if they
have the same rank, same discriminant and the same invariant €.

Proof. From the definitions and Corollary 4.58 it follows that two forms have
the same invariants follows. We will prove the converse by induction on the
rank. So let f,g € Q, [X1,... ,Xn]:2 with f ~ g and n := rank (f) = rank (g).

Step 1 (n =0). The set Q;z is empty, so the statement is trivially true.
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Step 2 (n — 1 — n). Let the statement be true for n — 1. By Corollary 4.69,
we know that f and g represent the same — nonempty — set of elements

of Qp / [Q;}z. Let a be such an element. By Corollary 4.48, there exist
1.9 € Qy[Xi,..., X,—1] such that

f~f®aZ? and g~ ¢ ®aZ’
We see that

disc (f') = a - disc (f) = a - disc (g) = disc (¢') ,
e (f') = (f) (a,disc (f), =€ (9) (a,disc (¢")), = £ (¢')

which shows that f/ and ¢’ have the same invariants. The statement follows
by induction. O

4.7.3 Classification of real quadratic forms

For v = oo respectively Q, = R, we can prove a statement similar to The-
orem 4.68 and Corollary 4.69. For this, we first prove some formulas for the
invariants in the real case.

Fact/Definition 4.72 (Signature of a quadratic form over R). For areal
quadratic form f of rank n, there exist r,s € Ny with 7 + s = n such that

FreX2h X2V — Y2

The pair (r,s) is called signature of f. We say that f is definite if r = 0 or
s =0, i.e. if f does not change signs. Otherwise f is called indefinite, i.e. if f
represents zero.

Proof. From Theorem 4.49 we know that

n
dai,...,an, € R: fNZain.
1=1

First note that f is of rank n, so for all ¢ € [1:n] we have that a; # 0. Since
R contains all square roots of positive numbers, we can use the following linear
transformation of the variables to obtain the desired equivalent form:

Xi

Viail

Vie[l:n]: 7(X;) =

Lemma 4.73. For f € R[X1,...,X,]=> with signature (r,s) we have
B sa=1) 1 i s=0,1 (mod4)
e(H)=0=1D"7 _{ -1 if s=2,3 (mod4)

N B . 1 4 s=0 (mod?2)
disc (f) = (—1) —{ -1 ifs=1 (mod?2).
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Proof. By Theorem 3.11, we have that (—1,-1) = —1 and (a,b), = 1 if
a=1or b=1. So the formula for ¢ (f) are evident. The formula for disc (f) is
immediate by the definition of discriminant and signature. O

Theorem 4.74. Forn € [2:4] and f € R[Xy,...,X,]™2 to represent zero it is
necessary and sufficient that one of the following statements hold

(i). n=2 and disc(f) = —1.

(7). n =3 and € (f) = (=1, =disc (f))
(iii). n =4 and (disc (f) = —1 or (disc (f) =1 and ¢ (f) = —1)).
Proof.

Case 1 (n=2). Let f = a1 X1 +a2X5 where ay, a9 € {£1}. disc (f) = ajas =
—1 means that a; # as. Note that 0 = X7 + X3 and 0 = —X7 — X3 have
(1,1) as a nontrivial solution and that 0 = X? — X2 and 0 = —X? + X2
both do not have a solution over reals.

Case 2 (n=3). Let a = ¢(f) and b = (-1, —disc(f)),,. With Lemma 4.73
we get

s(s—1)
2

a=(-1)
b= (-1,~disc(f)) = (-1, —(-1)") o = (-1, (=1)*7") |
and it remains to show that f represents zero if and only if a = b:
s f Repr. a b
0| X7+X3+X2 none 1 | (-1, -1)=-1|a#b
1| X+X3-X3 | (0,1,1) | 1 (-1,1), =1 |a=b
2| X{-X3-X37 | (1,0,1) | -1 | (-1,-1)_=-1|a=b

3| —X?—X7—-X3?| none | -1 (-1,1) =1 a#b
Comparing the “Repr.” and the last column yields the statement.

Case 3 (n=4). Lemma 4.73 translates
disc (f) = =1 or (disc(f) =1 and e (f) = —1)

into

s(s—1)
2

(-1)?=—=1or ((-1)°=1 and (-1) =-1)

which can be reformulated as

-1
sis odd or (s is even and 5(82 ) is odd )

The following table then finishes the proof

s f Representation 5‘(5771)

0| X?+ X2+ X2+ X7 none

1| X?+X3+X2-X3 (0,0,1,1) 0 -
2| XP+X2-X3-X} (0,1,0,1) 1

3| X?—-XZ2-X2-X] (1,0,0,1) 3

4| —X?-X2-X2-Xx2 none 6
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Example 4.75. The last part of Theorem 4.68 does not translate to R, since
for example the form

XP+ X5+ X3+ X3
does not represent zero over R.

Corollary 4.76. Leta € R*/[R*]z. In order that f € R[ X, ..., Xn]f2 of full

rank represents a it is necessary and sufficient that one of the following holds:
(i). n=1 and a = disc (f),
(it). n=2 and (a,—disc(f)),, =< (f),

(7i). n =3 and either a # —disc (f) or (a = —disc(f) and (—1,—disc(f)),, =
e (/)

Proof. Use the argument from (4.7.4) and apply Theorem 4.74 to f,. O

4.8 Quadratic forms over rational numbers

In this section, we will give the theoretical results that are the core of Algo-
rithm 6 that will decide quadratic form equivalence over rational numbers in
polynomial time (using an oracle for INTFACT). The algorithm heavily uses the
fact that two such forms are equivalent if and only if they have the same invari-
ants sig, disc and ¢, which will also be proven in this section. The complexity
of the computation of these invariants is discussed in Section 5.1.

Definition 4.77 (Local Invariants). Let f € F[Xy,...,X,]~> be a quad-
ratic form of full rank and write

n
f~ Z a; X7
i=1
We now associate the following invariants
e The discriminant disc (f) € Q*/[Q*]2 which is [T}, a;.
e For v € V we use the injection Q — Q, to view f as a form over Q,

(which we will denote by f,). We denote the invariants of f, by disc, (f)
and €, (f). It is clear that disc, (f) is the image of disc (f) under

/T - @/l
We have

&y (f) = H (aiaaj)v .

1<j

e When we view f as a real quadratic form, sig (f) is another invariant.
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Theorem 4.78 (Local-Global-Principle / Hasse-Minkowski Theorem).
In order for f € Q[Xq,..., Xn]:2 to represent zero it is necessary and sufficient
that, for all v € V, the form f, represents zero. Or in other words:

f represents zero < VoveV:f, represents zero .

Proof. The necessity is trivial. To see the sufficiency, write f as
n
f:Zain, with a;, € Q" Vi[l : n].
i=1
Note that f represents zero if and only if a; f represents zero. But the form
n
a f = a%Xl2 + Z ala,;Xi2
i=2
represents zero if and only if

g=X7+> biX? with b; = aja; Vi[2:7]

i=2
represents zero — a nontrivial zero (z1,...,z,) € Q" of a1 f yields a nontrivial
zero (a121,...,T,) € Q™ of g and vice versa. So without loss of generality, we

can assume that a; = 1. Consider the following 4 cases:

Case 1 (n =2). We have f = X? —aX3 since f., represents zero we have that
a > 0. Write a as

a= H pordn(a), (4.8.1)
peEP

Since for every p € P the form f, represents zero, we know that there exists
(z1,22) € Q2\ {0} such that 0 = 2§ — ax3. If 25 = 0, we would have that
21 = 0 which contradicts the fact that (z1,22) # (0,0). So a is a square in
Qy since

2
L1
0=a?—ari & ari=2? <« a<>.

This implies that ord, (a) is even for every p € P which means by (4.8.1)
that @ is a square in Q. Let ¢ € Q be such that ¢> = a and one sees that
(¢, 1) is a nontrivial zero of f.

Case 2 (n =3 — “Legendre case”). This case is very similar to Section 3.4
but much less explicit: Write f = X? —aX3 — bX3. Utilizing Notation 3.23
every nontrivial zero (1, z2,x3) of

g=X?}—-aX?-bX2

yields the nontrivial (xl,axg,gxg) zero of f and vice versa. So without loss
of generality assume that a and b are squarefree i.e. that for all p € P we
have that ord, (a) ,ord, (b) € {0,1}. By symmetry additionally assume that
|a] <1b|. Set m := |a| + |b| and use induction on m:
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Step 1 (m = 2). We have that
f=X+ X3+ X2

where the case that f = X7+ X3+ X7 is excluded because f., represents
zero. In all other cases, f represents zero:

X? + X3 — X2 | has (0,1,1) as a solution.

X? — X7+ X2 | has (1,1,0) as a solution.

X? — X3 — X3 | has (1,0,1) as a solution.

Step 2 (m > 2). For some k € N we can write:
k
b= ini where p; € P
i=1

and the p; are pairwise different since b is squarefree. Let p be one of the
p;. We will prove that a is a square modulo p. This is obvious if a = 0
(mod p). Otherwise, a defines a p-adic unit. By the assumption of this
theorem, there exists a solution (z,y, z) € Q3 such that 2% —az?—by* = 0
and by Proposition 2.98 we can assume that it is in Zf, and primitive.
By the definition of p we have that 22 — ax? = 0 (mod p). Now if
r = 0 (mod p), this implies that 2?2 = 0 (mod p) which means that
2 =0 (mod p). Reduction of 2% — az? — by? = 0 by p? therefore yields
that by? = 0 (mod p?). But since ord, (b) = 1 this means that y* = 0
(mod p) and y = 0 (mod p) contrary to the fact that (z,y, ) is primitive.
So we know that z # 0 (mod p), which together with 22 — az? = 0
(mod p) implies that a is a square modulo p. By the Chinese Remainder
Theorem we have that Z/bZ = Hle Z/p;Z which now implies that a is
a square modulo b, i.e.

It b €eZ:t2=a+bb

and we can choose t such that || < %. For F = Q or F = Q, for some
v € V, the formula bb' = t? — a shows that bb’ is the norm of ¢t + /a in
the extension F [y/a] /F which implies

g = X{ —aX3 — b' X3 represents zero
2% ¥ is anorm in F[/a]
L£L bis anorm in F[/a]

2% f = X2 —aX? + bXZ represents zero

Where (%) holds because bb’ is a norm in F[/a]. In particular, g repre-
sents zero in each of the Q,. But we have

|b'| _ ’th—a <

IA
s
+
==
—
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—~2 ~ i
Now write b =bb where b,V € Z and V' is squarefree. We have that
’b’ | < |b'] < |b]. Now apply the induction hypothesis to the form

h:i=X{—aXi VX3

We have that h ~ g, hence h represents zero in Q implying that the same
is true for f.

Case 3 (n =4). Write

f=aX?+bX2 — (cX3+dX3)

and let v € V. Since f, represents zero, Corollary 4.52 shows that there
exists z, € QF which is represented both by aX? + X3 and by ¢X3 + dX3.
By Corollary 4.69(ii) and Corollary 4.76(ii) this is equivalent to saying that
VoeV: (zy,—ab), =(a,b), and (z,,—cd), = (¢, d), .
Applying Theorem 3.20 it follows that
II (@b, =1=1]] (c.d),.
veV veV

By Theorem 3.22 this implies the existence of x € Q* such that
VveV: (x,—ab), = (a,b), and (z,—cd), = (c,d), .

The form aX?+bX2 —xZ? represents zero in each of the Q, hence by Case 2
it represents zero in Q. So again by Corollary 4.52 we have that aX? +bX2
represents x. The same argument applies to cX3 + dX3 implying that f
represents zero.

Case 4 (n > 5). We use induction on n. Write f as

f=hd&g with h=a,X? +a,X? and g = —ZaiX?.
i=3

Define S C V as
S:={peP|3ie3:n]:ordy(a;) #0}U{2,00}.

This is a finite set. Let v € S. Since f, represents zero, by Corollary 4.52
there exists a, € Q} which is represented in Q, by h and by g i.e. there
exists for every ¢ € [1:n] an x;, € Q, such that

h (xl,va x2,'u) =ay =49 (xS,’Ua o axn,v) .

But the squares of Q) form an open set by Remark 2.115. By the Ap-
proximation Theorem (Lemma 3.21), there exists x1,z2 € Q such that for
a = h(z1,22) one has

VvesS: — e[Q).

v

Now define f; :=aZ?by.
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Case 4.1 (v € S). If v € S, we have that g represents a, over Q,. But then
g also represents a because -~ is a square in Q,.

Case 4.2 (v € S). The coefficients —as, ..., —a, of g are v-adic units, and
so is disc, (g). Because v # 2, we then have ¢, (g) = 1.

In both cases, f; represents zero in Q,,. Since rank (f1) = n—1, the induction
hypothesis yields that f; represents zero in Q. This means that g represents
a in Q and since h represents a, f represents zero, which finishes the proof.
O

Corollary 4.79. Let a € Q* and f € Q[X;,... ,Xn]zz. Then it follows that f
represents a if and only if it does in each of the Q,

Proof. Apply the Local-Global-Principle / Hasse-Minkowski Theorem (Theo-
rem 4.78) to aZ% & f. O

Corollary 4.80 (Meyer). For all f € Q[X,...,X,]=" with rank (f) > 5 it
holds that f represents zero if and only if it is indefinite (i.e. it represents zero
over R).

Proof. By Theorem 4.68 (or Lemma 4.66 to be more precise) quadratic forms
with rank > 5 represent zero over every Q, for p € P. Together with the fact
that f is indefinite, the Local-Global-Principle / Hasse-Minkowski Theorem
(Theorem 4.78) implies the statement. O

Remark 4.81. The name of Theorem 4.78 (Local-Global-Principle) comes from
the following reformulation: f has a “global” zero if and only if f has a “local”
zero everywhere.

Theorem 4.82. Two quadratic forms over Q are equivalent if and only if they
are equivalent over Q, for everyv e V.

Proof. The necessity is obvious since for any v € V' we have that Q C Q,. So it
is left to show that

VneNg:VfgeQ[X,...,Xn]>: (frog=VYveV:fnrq,g).

Since f and g are equivalent over Q, they share the same rank. We now use
induction on the rank n := rank (f) = rank (g):

Step 1 (n = 0). The set Q=2 is empty and therefore the statement is trivially
true.

Step 2 (n—1—n for n € N). Let f,g € Q[X1,... ,Xn]:2 with f ~g g. Then
there exists a € Q* that is represented by f and by g. By Corollary 4.79 we
have that for every v € V the forms f and g represent a over Q, too. Then
by Corollary 4.48 there exist [, ¢’ € Q, [X1,... ,anl]ZQ such that

fr~g, aX20f and g~g, aX,Og.

By Witt’s Cancellation Theorem (Theorem 4.53) it follows that f ~gq, ¢ if
and only if f' ~g, ¢’. Since rank (f’) = rank (¢’) = n — 1 the induction
hypothesis finishes the proof. O
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Theorem 4.83. Let f, f' € Q[X1,...,X,]= with signatures (r,s) and (r',s').
For f and ' to be equivalent it is necessary and sufficient that

(). disc (f) = disc (f7),
(ii). (r,s) = (r',s') and
(iii). Vv e V:e, (f) =¢e, (f).

Proof. By Theorem 4.71 the conditions just mean that f and f’ are equivalent
over every Q,, which by Theorem 4.82 implies the statement. O
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Chapter 5

Results

Abstract

In this chapter, we will present the details about finding rational
quadratic form equivalence and the proof that INTFACT can be done
in randomized polynomial time if FUNCQUADFORMEQUIVy € FP.
This lower bound

INTFACT <p FUNCQUADFORMEQUIV

seriously improves the result by [Har08] where it is only shown that
one can calculate v/—1 (mod n) using an oracle for INTFACT and
that

FuncQuabpForRMEQUIVG < INTFACT.

5.1 Decide rational quadratic form equivalence

In this section, we will see an algorithm that decides rational quadratic form
equivalence in polynomial time only using an oracle for HILBERTSYMBOLg
(which can be replaced by an oracle for INTFACT by Theorem 3.34).

Algorithm 6 DECIDE-QUADRATIC-FORM-EQUIVALENCE

Input: f,g€ Q[Xy,...,X,]™"
Output: true if f ~ g, false else.

=
=

Assume f =" a;X? and g =, b;X? with a;,b; € Q.
assert rank (f) = rank (g)
Without loss of generality assume n = rank (f) i.e. a;,b; € Q*.
assert sig (f) = sig (g)
assert disc (f) = disc (g)
calculate Vi, j € [1:n]: Ha; 0, Hoop
for v € Hy,; 0; UHp, p;, do

assert [[,_; (ai,a;), = [[,; (bi,b;),
end for
return true

J
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Theorem 5.1. Algorithm 6 is correct.
Proof. This follows directly from Theorem 4.83. O

Theorem 5.2. Given an oracle for HILBERTSYMBOLg Algorithm 6 runs in
polynomial time in the bitsize of the input n. If the coefficients of f and
g are bound by some constant, it runs in O (ng) even without an oracle for
HILBERTSYMBOLgQ.

Proof. We simply list the argumentation of efficiency for every step:

Case 1 (Step 1). This is polynomial in the bitsize of the input and cubic for
constant coefficients by Fact 4.51.

Case 2 (Step 2). We only have to count the a; and b; that are nonzero. If
and only if this number is that same for both f and g, the ranks coincide.
This is linear.

Case 3 (Step 3). Permute the variables such that
Jkel:n]:Vie[l:k]: a;,b; € Q*

and this k is the same for f and g by the previous step. Now we can consider
f and g as forms in Q [X1,..., X% and assume that k = n in the first place.
Permutation of the variables is linear too.

Case 4 (Step 4). Simply count the signs of a; and b;. If and only the number
of positive coefficients coincides for f and g, the signatures are the same.
This is linear.

Case 5 (Step 5). First calculate the products

(€3] - . ﬁl . .
+— = a; = disc and + — = b; = disc
o= die () % b= diselo

i=1

for positive aq, ag, 81, S2. We now have to check whether :tg—; = :I:g—; mod-
ulo squares in Q* (see Remark 4.10). This is equivalent to checking whether
ig;gf is a square in Q* or not. For this, we only have to check that all of
the following conditions hold:

e The sign is +,
e (35 is a square in Z,
e «f} is a square in Z.

This is polynomial in the bitsizes by Algorithm 3. For bound coefficients,
the whole process is linear.

Case 6 (Step 6). This is quadratic given an oracle for INTFACT by Theo-
rem 3.17. By the fact that INTFACT takes constant time for a constantly
bounded input and the same theorem for bound coefficients, this step takes
constant time.

Case 7 (Step 8). The products can easily be calculated since a factor (a;, a;),
is —1 if and only if v € Hg, 4;. So this boils down to comparing the parity of

|{v€7—[ai7aj ’ 1<i<y §n}’ and ’{ve'Hbiybj ‘ 1<i<y §n}|,which is
polynomial in the input and constant for bound coefficients.
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5.2 Find rational quadratic form equivalence

In this section, we will present an algorithm to find a rational quadratic form
equivalence very explicitly. The algorithm reduces the problem of finding an
equivalence to the problem of finding a solution to a rational equation of the
form

ZaiXi =0b where a;,b € Q.
i=1

Since by [Sim05] this can be done in polynomial time using an oracle for
INTFACT, the whole algorithm can be implemented in polynomial time (with
such an oracle). Additionally many results from Chapter 4 will then prove the
correctness of the algorithm.

Fact 5.3. For f,g € F[X]™> with f(z) = az? and g(z) = bx? we have that
f~g& % € F*2.
This criterium can be checked in polynomial time for F = Q.

Proof. Being equivalent for these two forms means that there exists a number
A € F* such that g(Az) = f(x):

gz) = f(z) @ b(A\x)? =az® @b\l =ar? b\ =a o N = %.
The last equation is solvable if and only if § is a square in F i.e. § € F*2. For
F = Q this is the case if and only if the nominator and denominator are squares
in Z. To check this one can simply perform a binary search which can be done
in linear time in the number of digits by Algorithm 3. O

Theorem 5.4. Algorithm 7 is correct and, given an oracle for solving diagonal
quadratic equations, runs in polynomial time.

Proof. Correctness is obvious. All steps are just linear algebra except 8, where
we need the oracle to solve a diagonal quadratic equation, so the polynomial
running time follows instantly. O
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Algorithm 7 FIND-QUADRATIC-FORM-EQUIVALENCE

Input: f,g€ Q[Xy,..., X, ]~
Output: true if f ~ g, false else.
1: By Fact 4.51 assume f =" a;X? and g = > 1, b; X7 with a;,b; € Q.
2: Without loss of generality set n = rank (f) and permute the variables such
that a;,b; € Q* Vi € [1:n].
3: assert rank (f) = rank (g)
/* Fact 4.50 */
4: if rank (f) =1 then
Write f(z) = az? and g(z) = ba?
return truth value of € Q*2
/* Fact 5.3 */
7: end if
8 Let a« € Q" be a solution for the diagonal quadratic equation
f(Xq,..., X)) =by.
9: The subspace U := (a)J' is nondegenerate since b,, # 0, from which it follows
by Proposition 4.19(ii) that we have

V={(a)oU
So every v € V can be written as v = Aa + u with A € Q and w € U. Thus
f) =vw=Aa+u).Na+u) = Na.a+uu
= N f(a) + f(u) = X*by + f(u).

This simply means that f ~ b, X2 f1(X1,...,X,_1) for some quadratic
form f1 € Q[X4,..., Xn-1]
10: Now we have

f ~ an?l@.fl(X17~"aXn—l)
n—1

gz, ..., zp) = anfl @Z biXZ-2

i=1

Witt’s Cancellation Theorem allows us to calculate:

n—1
b X2 O fi(X1, o, Xno1) ~ b X2 b X}
=1
n—1
= fi(Xi. X)) o~ Y biX]
=1

11: set f = f1,g:= 5" b;X? and goto 1.
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5.3 INTFACT € ZPPFUNcQuapFormEQUIVg

In this section we will show that, should the oracle for INTFACT be unnecessary
in the polynomialtime algorithm for rational quadratic form equivalence, we can
solve INTFACT in randomized polynomial time. For this, we will first consider an
algorithm to calculate square roots of invertible elements modulo n. This implies
by standard methods that we can factor integers in randomized polynomial time
(see for example [CPO5, p. 309, ex. 6.5]). All this can be summarized in the
following theorem that is a corollary of Theorems 5.8 and 5.10:

Theorem 5.5.

FuncQuapForMEQUIVg € FP = INTFACT € ZPP.

5.3.1 SQRTMOD" using FUNCQUADFORMEQUIV,

Lemma 5.6. For n € N5 the inverse of a number a € Z/nZ or the fact that
it does not exist, can be found in polynomial time.

Proof. First calculate g := ged (a,n). If g # 1 we have that a is not invertible.
Otherwise by definition, the modular multiplicative inverse = of a is the solution
of

axr =1 (mod n).
This is equivalent to n | ax — 1, i.e. that n is a divisor of az — 1, which means

ar —1=qn

& ar—ng=1=g,

With the extended Euclidean algorithm, one can find the numbers z and ¢ for
given a and n. We discard the latter and get the inverse of z. Since we only
used the extended Euclidean algorithm, this process is polynomial in the bitsize
of the input. O

Algorithm 8 SQUARE-ROOT-MODULO-N-WITH-QUADFORMEQUIV-ORACLE
Input: n € Z,a € (Z/nZ)".

false if @ is not a square
Output: { Vva (mod n) else.

1: b:=a" ! by Lemma 5.6
20 f:=bX24+nY?
g:=X?+bnY?
3: assert f~g
4: Calculate an equivalence 7 for f and g
5. return (7 (X)) (1,0).

Theorem 5.7. Algorithm 8 is correct and runs in polynomial time in the bitsize
of the input with an oracle for FUNCQUADFORMEQUIV .
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Proof. To prove correctness, let 7 be given by

T(X) =1 X + aY
T(Y) =X+ 5Y

and explicitly write down f (7 (X),7(Y)) =g (X,Y):
b(ar X + YY) +n (X + B2Y)’ = X2+ bny?2.
Now set X =1and Y =0:
1 =baj + npi
Reduce the equation modulo n to get
ba?=1 (modn) < o?=b'=a (modn).

So a1 = (7 (X)) (1,0) is a root of a (mod n). To finish the proof of correctness,
we have to observe, that aRn is equivalent to f ~ g. So let a; be a root of a.
First observe that o is invertible too, since it has aja™! as an inverse. Now
define an equivalence by

7(X)=a; X and 71(Y)=0a;'Y.

The statement about the running time is obvious since the hardest step is
to find the equivalence 7, for which we are allowed to use the oracle. O

We summarize this result in the following theorem. Recall that SQRTMoOD*
is the special case of invertible instances of SQRTMOD.

Theorem 5.8. It holds that:

SQRTMOD* c FPFUNCQUADFORMEQUIV@.

5.3.2 Factoring integers using SQRTMOD"

In this chapter we will give a randomized polynomial time algorithm for integer
factoring with the help of an oracle for taking square roots modulo n. Given
a composite number n, the basic idea is to take a random element r # 1 in
(Z/nZ)* and square it. The resulting number has 4 different square roots and
the oracle has some chance not to choose +r, but one of the other two roots.
It will turn out that we can then determine a factor of n using Euclidean’s
algorithm.
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Algorithm 9 INTFACT-WITH-SQRT-MOD-N-ORACLE
Input: n =pq € Z with p, q.
Output: p or ¢ or DoNotKnow.

1: if 2 | n then
2 return 2
3: end if
4: if \/n € Z then
5: return /n
6
7
8
9

: end if

cr € (Z/nZ) \ {1}

. if r | n then

: return r
10: end if
11: s:=7? (mod n)
12: Query the oracle for ¢ := /s (mod n)
13: if t = +r (mod n) then
14: return DoNotKnow
15: end if
16: return ged (t — r,n)

Theorem 5.9. Algorithm 9 is correct and, given an oracle for SQRTMOD™,
runs in zero-error probabilistic polynomial time in the bitsize of the input.

Proof. Steps 1 to 6 ensure that the requirements of Lemma 3.38 are met. If
2| n, then p = 2 or ¢ = 2 and the algorithm returns the right value. If \/n € Z,
we know that p = ¢, and finding \/n = \/P = p can be done efficiently by
Algorithm 3.

Lemma 3.38 now implies that rRn if and only if rRp and rRq. This is
important since rRp means that r is a root of (X2 — p) implying that —r is a
root, too, yielding that (—r) Rp. The same holds for ¢. So s has four different
roots. Say the oracle for /- (mod n) chooses one of them, then since r was
chosen at random, half of them are not +r. So Step 14 is only reached in less
than half of the cases. Otherwise define g := ged (¢ — r,n). If ¢ = n we would
have that n is a factor of (¢t — r) which directly implies t —r =0 (mod n). But
this is not allowed by Step 13. Additionally, we know that

t? =72 (mod n)
or, in other words,
Jke€Z:kpg=kn=1t>—r*=(t—7r)(t+7)

If n is a factor of either (¢t — r) or (¢t 4+ r) we would have that ¢t = +r (mod n),
which again is not possible by Step 13. This means that exactly one of p and ¢
divides (t — r) implying that g € {p,q }. O

We summarize these results in the following theorem.
Theorem 5.10. We have:

INTFACT € ZPPSeRTMOoD™
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Chapter 6

Outlook and Open
Questions

Abstract

In this chapter, we will give an outlook over possible development in
the future and state some open questions that might be of interest.

6.1 Hilbert-Symbol

In this work, we established the following lower and upper bounds for the Hilbert
symbol:

QUADRESIDUE" < HILBERTSYMBOLg < INTFACT

where QUADRESIDUE" is a special case of the problem to decide whether a
given number is a quadratic residue modulo a composite number n or not. The
differences between QUADRESIDUE" and QUADRESIDUE seem rather technical.
So a natrual question is whether one can weaken the restrictions to obtain a
better lower bound.

INTFACT is believed to be a hard problem. Since HILBERTSYMBOLq helps to
decide QUADFORMEQUIV(; and its functional version FUNCQUADFORMEQUIV(
can decide INTFACT (in randomized polynomial time) the upper bound INTFACT
for HILBERTSYMBOLg means that at least one of the following statements is the
case

e FUNCQUADFORMEQUIV, is much harder than QUADFORMEQUIV.
e The randomization to reduce SQRTMOD to INTFACT helps a lot.

e INTFACT is not as hard as we think it is. At the time of this work,
the fastest sub-exponential algorithm — the general number fields sieve
(GNFS) — runs in

1

0 <exp ((694 g (105 (m)) " (1o (og <n>>>§)>

111

steps.
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6.2 Connected complexity classes

In this chapter we want to present some results about the complexity of the
general polynomial equivalence problem and its special cases. The algebra iso-
morphism problem defined in Section 2.4 plays a major role, so we will first give
upper bounds for some interesting fields.

Theorem 6.1.
(i). CoMMALGIsor, € NP NcoAM for a prime power q.
(ii). ComMALGIsog € EEXP.
(iii). CommALGIsor € PSPACE if F =F.
Proof. A proof can be found in
(i). [KSO05, Theorem 3.1.].
(if). [DHSS].
(iii). [Bro06]. O

The complexity of COMMALGISOq is unknown. It is not even known if the
problem is decidable at all.

Theorem 6.2. For every field F one has:
(i). GRAPHISO <}, COMMALGISOp.
(ii). GraPHISO <% CUBICFORMEQUIVF.
Proof. A proof can be found in
(i). [KSO05, Theorem 3.2.] or [AS05, Theorem 2] or [ASO6b, Lemma 6.13].
(ii). [AS05, Theorem 4]. O

Theorem 6.3.
(i). POLYEQUIV r, € NP NcoAM for a prime power q.
(7). PoLYEQuiv,r € EEXP.
(iii). POLYEQUIVyy € PSPACE if F=F.
Proof. The proof is given in [ASO6b, Theorem 2.1]. O
Theorem 6.4.
(i). CoMmMALGIsor <} CUBICFORMEQUIVy.
(ii). CoMmMALGIsor <% CUBICPOLYEQUIVF.
(iii). FORMEQUIV,r <7 COoMMALGISOr (if F contains d-th roots) .

Proof. A proof can be found in
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(i). [ASO6a, Theorem 4.1] or [AS06b, Theorem 3.10].
(ii). [ASO06b, Theorem 2.7].
(iif). [ASO06b, Theorem 2.3]. O

The preceding theorems have some interesting consequences:

e A subexponential algorithm for CUBICFORMEQUIVE, where F is an arbi-
trary field, will result in a subexponential algorithm for GRAPHISO. Can
for example the theory of cubic forms over C help find a subexponential
algorithm for GRAPHISO?

e The decidability of CUuBICFORMEQUIVg will imply the decidability of
CoMMALGISOg. Due to the rich structure of cubic forms, this might
be easier to show.

6.3 Cubic form equivalence

Quadratic forms are well understood due to works of Minkowski, Hasse and
Witt — some of the results can be found in Chapter 4. But the “slightly” more
general case of cubic forms turns out to seem much more complicated. It may
even be the hardest case: Theorem 6.3 shows that for a field F that contains
d-th roots, we have that

ForMEQUIV, r < COMMALGISOr < CUBICFORMEQUIVE.

So in this case, solving CUBICFORMEQUIVE enables us to solve the general
ForMEQUIV,; y problem for any d.

But cubic forms have a lot of structure that may enable us to gain insight
into the isomorphism problems of commutative F-algebras and graphs. [AS06b]
states some questions that may be of great interest in this context:

e Are there invariants for cubic forms like the ones for quadratic forms? The
invariants for quadratic forms are defined in Chapter 4.

e Is there something like a limited Local-Global-Principle / Hasse-Minkowski
Theorem (Theorem 4.78) for cubic forms? In general it is false, since the
form

3X3 +4Y3 + 523

does not represent zero over Q but it does over every completion Q, for
v € V. A proof can for example be found in [Con].

e Even if this is not possible: Is there an algorithm that decides rational
cubic form equivalence? The problem QUADFORMEQUIV(, basically re-
duces to the question of finding Q-roots of diagonal equations — see for
example Algorithm 7. Chapter 4 shows that two quadratic forms that are
equivalent over R and that represent the same set of points over Q are
also equivalent over Q. Such a result does not hold for cubic forms, see
for example [AS06b, Section 6. Discussion]. So finding Q-roots for cubic
forms may not be related to the equivalence problem.
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e Can one generalize the reduction COMMALGIsOr < CUBICFORMEQUIVE
to general fields, not only the ones that contain d-th roots? Or even further
to the case where F is allowed to be a ring?
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