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Abstract

This is the handout for a seminar talk on 09. and 12. July 2012 given in
the seminar on “Algorithms in Real Algebraic Geometry” at the Math-
ematical Institute of the University Bonn that was organized by Prof.
Nitin Saxena. In my talk I describe a well-known algorithm for deciding
quadratic form equivalence over different interesting fields by using Witt’s
theorem. Here “form equivalence” means that two forms are equivalent if
and only if there exists an invertible linear transformation on the variables
such that one of the forms becomes equal to the other. The desciription
of the algorithm to decide this problem was also given in [ASO6b] and the
proof of Witt’s theorem is based on the proof from [Ser73].
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1 Introduction

1.1 Basic Definitions

Definition 1.1 (Polynomial Equivalence). Let K/F be a field extension. Two
polynomials f, g € F[x1,...,x,] are said to be equivalent over K if there exists
an invertible linear transformation 7 sending each x; to a lineare combination
of the x1,...,x, with coefficients in K:

fr(z1),...,7(xn)) = g(x1, ..., 20).

We then write f ~g g. If K =T, we simply write f ~ g and say that f and g
are equivalent.

Remark 1.2. An invertible linear transformation 7 on the variables of a poly-
nomial f € F[zy,...,x,] can also be expressed by a matrix A € Gl,, (K) acting
on F[zy,...,2,]. So abbusing notation a little bit, we can say that

frxkgedA€GL(K): foA=g.
In this case, we say that f is equivalent to g via A.
Fact 1.3. The equivalence of polynomials is indeed an equivalence relation.
Proof. For all f,g,h € Flxy,...,zp]:
e Reflexivity: f ~x f via the identity matrix in Gl, (K).
e Symmetry: If f ~g g via A € Gl,, (K) then g ~x f via A=L.

e Transitivity: If f ~g g via A € Gl,, (K) and g ~x h via B € Gl, (K),
then f ~g h via B - A € Gl, (K).

O

Example 1.4. Let f(x,y) = 22 + y? and g(x,y) = 222 + 2y* be polynomials
over Q. The map

- T—x+y
ly—r—y

is an invertible linear transformation as in the above definition 1.1 and 7o f = g,
so f ~ g over rationals. We could also say, that

G _11> € GL, (Q)

is invertible and calculate

G4 E) =) =wrw+ @ =22 12 =gty

Example 1.5. Consider f,g € Q2] with f(z) = 2? and g(x) = 22%. Then f
and ¢ are not equivalent over Q but they are equivalent over R via 7 : 2 — v/2z.



Notation 1.6. Denote by [N] the set of multi-indices and for d € N by
N~ = {a €N" | |al, = d}
the set of multi-indices of norm d and
NS¢ := {a € N"| Jal, < d}.
We denote the set of natural numbers from 0 respectively 1 to n € N by
[n]o :=1[0,n]NZ respectively [n]:=[1,n]NZ.

Definition 1.7 (Total Degree of a Polynomial). Let f € F[x1,...,z,] be a
polynomial and write f(z1,...,2,) = ZaG[N] aqr® where only finitely many
as # 0, then the (total) degree of f is given by

deg(f) =sup{laf|aa #0}.

Remark 1.8. Note that non-zero constants (elements of F*) have degree 0 and,
since sup{ () } := —oo, we have deg (0) = —oo.

Fact 1.9. FEquivalent polynomials have the same degree.

Proof. Let f and g be equivalent polynomials via A € Gl,, (K). So A replaces
every variable by a linear combination of of x; which does not change the degree.

O

Definition 1.10. For d € N5 a polynomial f € F[z1,...,x,] of the form

flxy, ... x,) = Z anx®

a€[N]=4

is called homogeneous polynomial of degree d or form of degree d. Fur-
thermore define:

e Flry,...,2,] =% the forms of degree d.
o Flzy,...,2,] =% the forms of degree at most d.

Definition 1.11 (Polynomials as input). We assume every polynomial f €
F[z1,...,x,) with total degree d to be given in expanded form:

f(xlw'-v:rn) = Z ai17_”7inx§1 ..... Ian

0<ig+...+i, <d

with a;, . ;, € F. This can also be written in a little bit more elegant way:
flze,...,z,) = Z anx®
a€g[N]=d
where z = (z1,...,2,) and a, € F.



Definition 1.12. We define the following decision problems

PoLYEQUIV,p := { (f,9) €Fxy,... ,xn]Q ’ n € N, deg(f) = d = deg(g), f ~ g}

ForMEQUIV, 5 := { (f,9) € (Flz1,...,3,] =d)2 ‘ neN,f~ g}
and for shortage of notation also

QUADRATICPOLYEQUIVy := POLYEQUIV,
QUADRATICFORMEQUIVy := FORMEQUIV, p
CuBicPOLYEQUIVy := POLYEQUIV;
CuBICFORMEQUIVy := FORMEQUIV; g

1.2 Connection to other problems

In this chapter I want to present some results about the complexity of the
previously defined form equivalence problem and it’s special cases — all without
proofs. Since the algebra isomorphism problem plays a major role, we first
define how we want to give an F-algebra as input to an algorithm.

Definition 1.13 (Commutative F-algebra). A commutative ring containing a
field F is called commutative F-algebras.

Definition 1.14 (F-algebras as input). Let F be a field and A be a finitely
generated commutative F-algebra with additive basis by,...,b, € A (such an
algebra is also called a commutative affine algebra). We now want to capture
the multiplicative structure of the algebra and therefore write every product of
base elements as a linear combination of all base elements:

n
Vi, j, k € [n] 3aijk € F:bib; = aijrby.
k=1
The a;;, are called structure coefficients.

Fact 1.15. Let A be an F-algebra with additive basis { b; } and structure

coefficients { aijk }i’j’ke[n] then:

A= F[ml,...,xn}/<xix‘j —Zaijkxk> .
k=1 i,j€[n]

To specify an isomorphism 1 : A — B it is sufficient to write for every i the
element ¥ (b;) as linear combination of by, ... b, in B.

i€[n]

Definition 1.16.

CoMMALGIsof := {(A, B) | A, B commutative F-algebras with
basis by,...,b, and A= B}



Theorem 1.17.
(7). COMMALGISOr, € NP NcoAM for a prime power ¢
(ii). ComMALGIsog € EEXP
(iii). ComMmALGISOf € PSPACE if F=TF
Proof. A proof can be found in
(i). [KSO05, Theorem 3.1.]
(i). [DHSS)
(iii). [Bro06]

Theorem 1.18. For every field F one has:
(i). GrapHISO <! COMMALGISOr
(ii). GrRAPHISO <} CUBICFORMEQUIVf
Proof. A proof can be found in
(i). [KS05, Theorem 3.2.] or [AS05, Theorem 2] or [ASO6b, Lemma 6.13].
(ii). [AS05, Theorem 4]

Theorem 1.19.

(i). POLYEQUIV;r, € NP N coAM for a prime power ¢
(it). PoLyEQuiv, g € EEXP
(iii). PoLYEQuIvyr € PSPACE if F=F
Proof. The proof is given in [ASO6b, Theorem 2.1].
Theorem 1.20.

(i). CoMMALGIsor <} CUBICFORMEQUIVy

(ii). CoMMALGIsor <} CUBICPOLYEQUIVy
(iii). FORMEQUIV,p <} CoMMALGISOp (if F contains d-th roots)
Proof. A proof can be found in

(i). [ASO06a, Theorem 4.1] or [ASOGb, Theorem 3.10]
(ii). [ASOGDh, Theorem 2.7]
(iii). [AS06b, Theorem 2.3]



2 Witt’s theorem

The goal of this chapter is to understand an algorithm to decide quadratic form
equivalence. This case is significantly easier than equivalences of higher degrees
because quadratic modules are well studied and have a lot of structure. We will
define a quadratic module associated to a quadratic form and the associated
modules to two quadratic forms will turn out to be isomorphism if and only if
the two forms are equivalence. In the end we will prove Witt’s theorem that
gives us two usefull corollaries:

(i). Every quadratic form is equivalent to a form >, _, axz3.

(ii). We have a cancelation rule for quadratic forms (the & will be defined on
the way):

fOh~gdh = f~yg

2.1 Definitions

Definition 2.1 (The category of quadratic modules). Let V' be a module over
a commutative ring R. A function @) : V — R is called a quadratic form on V'
if:

(i). Vr € R,z € V : Q(az) = a*Q(x).
(ii). Og:V xV =T, (z,y) = Qz+y) — Q(z) — Q(y) is bilinear.

The pair (V,Q) is called quadratic module. The set of all quadratic forms
on V is denoted by Quad (V). Let (V/,Q’) be another quadratic module. A
linear map f : V — V' is called morphism of quadratic modules or metric
morphism if Q' o f = @, which means the following diagram commutes:

v v

ol

R

We write f: (V,Q) = (V',Q').

Remark 2.2. A form ¢ : V2 — R is called bilinear, if
(i). Ya,b,c,d € V : ¢pla+b,c+d) = d(a, ) + ¢(a,d) + ¢(b, c) + ¢(b, d)
(ii). YA € R,a,b €V : ¢(Aa,b) = \p(a,b) = ¢(a, \b)

In our situation, the ring R will always be a field F with char (F) # 2 and
the module V will therefore be a vectorspace. We will furthermore assume that
V is finite-dimensional.

Definition 2.3. Let (V, Q) be a quadratic vectorspace, define Va,y € V:
Oq(z,y)

TY=—4o

Definition/Proposition 2.4. Let (V,Q) be a quadratic vectorspace. Then:



(i). Ve € V : Q(x) = z.x and therefore there is a bijective correspondence
between quadratic forms and symmetric bilinear forms.

(ii). (z,y) — x.y is a symmetric bilinear form on V called the scalar product
associated to ().

(iii). For a metric morphism f : (V,Q) — (V',Q’) it holds that Vz,y € V :
f(@).fly) = zy.

Proof.

(i), Vo €V : .0 = QN-Q@-06) _ 10@)=0@)=Qw) _ g(y).
(ii). Symmetry is obvious and linearity follows from the properties of Q.
(iii). This directly follows from Q' o f = Q.
O

Remark 2.5. Even though (z,y) — z.y is called scalar product, there is no such
thing as positive-definiteness since F does not need to be ordered.

Notation 2.6. For a basis B = {by,...,b, } of V and « € V one can of course
write x = Y ., a;b; where Vi € [n] : z; € F. We denote by T the vector of
coefficients (x1,...,2,)T with respect to a given basis B.

Definition 2.7 (Matrix associated to a quadratic form). Let (V, Q) be a quadratic
vectorspace and B = {by,...,b, } be a basis of V. The matrix of () with re-
spect to B is defined by (a;;);; where a;; := b;.b;.

Remark 2.8. The matrix associated to @ is symmetric and we have:
2.4(i) - " n n
. (] — — —_ —_
i=1 j=1 i,j=1 i,j=1

Hence @) is a quadratic form in the variables Ty,...,%, in the usual sense.
Furthermore we can calculate for the coefficient vectors:

= 5QE 9 - Q0 - QW)

1
s(@+9)" A@+7) - 7" 47 - 7" Ap)

1

5 (@ AT+ 7" Ay + 5" AT + 3" Ay — 3" AT — " Ap)
[P

=3 (z" Ay + 7" AT)

=zl Ay

Definition 2.9. We define a subgroup of the multiplicative group of F by



Definition 2.10 (Discriminant of a quadratic form). Let (V, Q) be a quadratic
vectorspace and let A be a matrix associated to Q. Denote the projection

F — F/F*?
by m, then define the discrimanent of @ by disc (Q) := 7 (det (A)).

Remark 2.11. If one changes the basis that defined A by X € Gl, (F), the
matrix A’ with respect to this new basis is X - A - X!, which means

det (A') = det (A) det (X)*

and therefore det (A) is determined up to multiplication by a square in F*, hence
disc (Q) is independent of the choice of a basis.

2.2  Orthogonality

Definition/Proposition 2.12 (Orthogonality). Two elements x and y of V
are called orthogonal if x.y = 0. For a subset H C V', we define the orthogo-
nal complement of H by

HY ={zeV|WeH:zy=0}.

Two subspaces U,W C V are called orthogonal if U C W+ ie. ifx € Uy €
W implies x.y = 0. The orthogonal complement V- of the whole space V is
called radical or kernel of V and is denoted by rad (V). Its codimension i.e.
dim (V') — dim (rad (V) s called rank of Q. If rad(V) = {0}, we say that
(V,Q) is nondegenerate (we may leave out V or Q if it is clear from the
context and just say that V is nondegenerate or Q) is nondegenerate).

Fact 2.13.
(i). The orthogonal complement H+ of any set H C'V is a subspace of V.
(ii). H C H++.
(iii). @Q is nondegenerate if and only if disc (Q) # 0.
Proof.
(i). This is clear by definition/proposition 2.4(ii).

(ii). Let z € H, to show that 2 € H-+, we have to show that Vy € H we
have that z.y = 0. So let y € H' be arbitrary, by definition of H*, we
have that Vz € H : y.z = 0, especially for z = z.

(iii). Choose a basis B and check
disc (Q) =0 < det (A) =0
< JreV\{0}:47=0
S eV\{0}:VyeV 5 A7 =0

< @ is not nondegenerate



The implication ”‘<=”’ at % can be seen like this:
Jx e V\{0}:Vy eV 5 AT =0
=Jr e V\{0}:Vj€[n]: (5T> AT =0
J
And hence Vj € [n] the j-th coordinate of AZ, namely <5T) AT is zero,

J
hence AZ is zero.

O

Example 2.14. Being nondegenerate is not passed on to subspaces: Let for
example @ : R? — R be given by

Q(z1,29,73) = If + x§ + 2x2x3 + 22123

1 0 1 X1
= (1‘17:527{,63) 0 0 1 Z9
1 1 1) \z3

Since disc (Q) = —1 we get that the quadratic space (R?, Q) is nondegenerate.
But the subspace

T
U := x9 | € R3
0

with the restriction | is not nondegenerate since Q(z1, z2,0) = 2 and there-
U

fore
T O X1
o | . 11=0 V o cU
0 0 0

which means that (0, 1,0)7 is orthogonal to every other element of U.
Definition 2.15. Let U C V be subspace and denote the dual space by
U*:={¢:U—TF|¢is linear } .
Furthermore define
qu:V — U*
x — (yeUwr zy)

Fact 2.16.

(i). ker (qu) = U*

(ii). Q is nondegenerate if and only if qv : V. — V* is an isomorphism.
Proof.

(i). For z € U with qu(z) = 0 € V* we have

VyeV:0=(qu(z))(y) =2y

which exactly defines U~L.



(ii). ker (qv) 9 yL which is by definition {0} if and only if @ is nondegenerate,
therefore gy is injective, but since V' 2 V* it is also surjective.

O

Definition 2.17. Let Uy,...,U,, C V be subspaces. We say that V is the
orthogonal direct sum of the U; if they are pairwise orthogonal and if V' is
the direct sum of them, we then write:

V=U1&... &Upn.

Remark 2.18. Let V. =U; & ... &U,, and decompose = € V into it’s compo-
nents z; € U;, then

Qx)=Q1(z1)+ ...+ Qum(znm) (2.1)

where Q; := Q| are the restrictions of @ to U;. Conversely if (U;, Q;) for
U

1 =€ [m] are quadiratic modules, we can define a quadratic module (V, Q) where
V =@;~, U; by eq. (2.1) above and have:

V=U,&...58U,.

Example 2.19. If U C V is a supplementary subspace of rad (V) (i.e. V =
U @rad (V)) then
V=Ué&rad(V).

Proposition 2.20. Let (V,Q) be nondegenerate. Then the following statements
hold:

(i). All metric morphisms of V into a quadratic module (V',Q’) are injective.
(i). For all subspaces U CV, we have:

(a) dim (U) 4 dim (U+) = dim (V)

(b) Ut =U

(c) rad (U) =rad (U+) =UNU+

The quadratic module (U, Q‘U) s nondegenerate if and only if (UL, Q

is nondegenerate in which case V=U&U™L.

o)

(@ii). If V is the orthogonal direct sum of two subspaces, they are nondegenerate
and each of them is orthogonal to the other.

Proof.
(i). If f: V — V' is a metric morphism and if f(z) =0, we have
zy=f(x).fly) =0 VyeV

this implies = 0 because (V, Q) is nondegenerate.

10



(ii). Let U C V be a subspace. Note that qy = gy omy+ where my+ : V* — U*
is the canonical projection. Since gy is bijective (by fact 2.16(i)), qu is
surjective, thus with the canonical injection ¢ : U+ — V the following
sequence is exact:

L qu

{0} U+« Vv U~ {0}

hence
dim (V) = dim (U*) + dim (U") = dim (U) + dim (U") .
Taking U+ as the subspace in this argument we also get
dim (V) = dim (U*) + dim (U*+)
which implies that
dim (U) + dim (U*') = dim (V) = dim (U™) + dim (U*++)
giving that dim (U) = dim (U*+). Fact 2.13(ii) now implies U = U++.
By the definitions:
rad(U) ={zeU|VyeU:2y=0}
Ut ={zeV|VyeU:zy=0}

we clearly get U N U+ = rad (U). Applying this formular to U+, we get
Ut NnU*t =rad (UJ-) and calculate

rad (U4) = U+ Ut "2 Ut 0 U = rad (U).

(iii). This statement is finally trivial, because if V = U & W is nondegenerate,
none of U and W can be not nondegenerate and the orthogonality directly
follows from the defintion of the orthogonal direct sum.

O

Example 2.21. Example 2.14 does not yield a counter example to proposi-
tion 2.20(iii) since although with

X 0
U:= zo | €R3 Y, W= 0| eRr?
0 Y3

we have that R3 = U @ W we also calculate

T 0 1 0 1 0
zo | .1 0| = (xl To O) 0 0 1 0| = (z1+ z2)ys
0/ \vs 11o1) \ps

which gives us that for example (1,0,0)7 € U and (0,0,1)T € W are not
orthogonal, which means that R3 is not the orthogonal sum of U and W.

11



2.3 Isotropic vectors

Definition 2.22. An element = € V is called isotropic if @Q(x) = 0. A subspace
U CV is called isotropic if all its elements are isotropic.

Example 2.23. A nondegenerate space can contain isotropic vectors: Consider
the quadratic form Q(z,y) = 2zy over R%. The associated matrix is

0 1
().
One has Q(1,0) = 0 which means that (1,0)7 is isotropic but det (4) = —1 # 0
which means that (R?, Q) is nondegenerate.

Fact 2.24.
U isotropic s UCUt - Q’ =0
U

Definition 2.25. A quadratic module having a basis formed of two isotropic
elements z,y € V such that .y # 0 is called hyperbolic plane.

Remark 2.26. Without loss of generality, we can assume that z.y = 1: Just
multiply y by m—ly Then the matrix of the quadratic form with respect to the

basis {z,y } is <(1) (1)> The discriminant then is disc (Q) = —1, in particular

@ is nondegenerate.

Proposition 2.27. Let x € V'\ {0} be isotropic and Q be nondegenerate. Then
there exists a subspace U C V' which contains x and is a hyperbolic plane.

Proof. Since V' is nondegenerate, there exists z € V such that x.z = 1. The
element y = 2z — (z.z)x is isotropic and .y = 2. The subpsace U = (z,y) has
the desired property. O

Corollary 2.28. If (V,Q) is nondegenerate and contains a nonzero isotropic
element, we have Q(V) =T.

Proof. We have to show that Va € F Jv € V such that Q(v) = a. Without loss
of generalty, we may assume that V is a hyperbolic plane: Let x € V be the
nonzero isotropic element, then proposition 2.27 we get y € V such that (x,y)
is a hyperbolic plane. Furthermore we can assume that x and y are isotropic
and x.y = 1 (see remark 2.26). Now for a € F one calculates

o Y- -

and therefore get we get a = @ (x + %y) O

e

2.4 Orthogonal basis

Definition 2.29. A Basis {by,...,b, } is called orthogonal if its elements are
pairwise orthogonal i.e.
V={b)d...0 (by).

12



Remark 2.30. This is equivalent to saying that the matrix associated to () with

respect to the basis B = {by,...,b, } is a diagonal matrix with diagonal entries
a1y...,0, € F*:

aq 0 0

0 ag 0

0 0 an
If 7= (x1,...,2,)7 is the coordinate vector of z € V with respect to the basis

B, we have that Q(x) = a12? + ... + apz2.

Fact 2.31. Let (V,Q) be a nondegenreate quadratic space with an orthogonal
basis {by,...,by }, then Vi € [n] : (b;.b;) # 0.

Proof. Write
V=(0b1)d & (ba)-

Now proposition 2.20(iii) gives that each (b;) is nondegenerate which makes it
impossible for b; to be isotropic. O

Theorem 2.32. FEvery quadratic module has an orthogonal basis.

Proof. We prove this by induction on the dimension n := dim (V). The case
n = 0 is trivial. Now let n be arbitrary. If V is isotropic, all bases of V are
orthogonal. Otherwise, choose an element b € V such that b.b # 0. Now the
orthogonal complement U := {b }L is a hyperplane (i.e. has dimension n — 1)
and since b ¢ U, one has V = (b) @U. By induction hypothesis U has an
orthogonal basis B and {b} U B is an orthogonal basis. O

Definition 2.33. Two orthogonal bases
B={by,...,bp} and C={c1,...,cn}

of V are called contiguous if they have an element in common (i.e. if there
exist ¢ and j with b; = ¢;). A sequence of basis By, B1, ..., By, is called a chain
contigouously relating B and C if

e B; C V is an orthogonal basis for 1 < i < m,
e Bp=Band B,, =C,
e B, and B;;; are contiguous for 0 < ¢ < m.

Lemma 2.34. Let (V,Q) be a nondegenerate quadratic module, a,b € V \ {0}
and define P := (a,b). Then

(a.a)(b.b) # (a.b)? & dim (P) = 2 and P is nondegenerate.
Proof. We will prove the equivalent statement

(a.a)(b.b) = (a.b)* < dim (P) < 2 or P is degenerate.

13



“«<": Asume that dim (P) < 2, then there exists A € F with a = A\b implying;:
(a.a)(b.b) — (a.b)® = (Ab.AD)(b.b) — (Ab.b)? = A% (b.b)* — A?(b.b)* = 0.

Now if P is degenerate, then there exists v = Aa+ub € P\ {0} with the property
that Vw € P : (v.w) = 0. Now calculate
0= (v.a) = A(a.a) + pb.a) < —pulb.a) = Aa.a) (2.2)
0= (v.b) = Ma.b) + u(b.b) < —A(a.b) = u(b.d). (2.3)
Now since v # 0 at least one of p and A is not zero. If A # 0 we get by (2.3)
that (a.b) = —&(b.b) which, plugged into (2.2) yields

2
p%(b.b):)\(a.a) & %(b.b):(a.a)

putting this all together we get
2 2
_ 2 _ M _(_H —
(a.a)(bb) = (@b)? = 55 (b.b) (b.b) ( /\(b.b)) 0.

The same works for p # 0 because (2.2) and (2.3) are symmetric in a and b.
“=": Define the element
c:= (b.b)a— (a.b)be P
and observe that

.a = (b.b)(a.a) — (a.b)(b.a) = 0 by assumption
c.b=(b.b)(a.b) — (a.b)(b.d) =0

So ¢ € rad (P). So cis zero or P is degenerate (in the latter case, we are done).
So let ¢ = 0 we get that (b.b)a — (a.b) = 0 which is a linear combination of 0
in a and b (which generate P). So either is dim (P) < 2 (in which case we are
done again) or (b.b) = 0 and (a.b) = 0, which implies that b € rad (P). Now if
b =0, we again get that dim (P) < 2 and if b # 0, P is degenerate.

O

Lemma 2.35 (Gram-Schmidt). Let (V,Q) be nondegenerate, a,b € V' be lin-
early independent and a be nonisotropic. Then there exists c € V' such that

(a,b) = {a) ® (c)

Proof. Set p:= %Lq, ¢:=b— p and calculate:

b
ac=a(b—p)=ab—ap=ab— a.al’ = 0.
a.a

Let A\, € F and calculate
a.b a.b
O=Xa+tupuc=da+pub—pup=a+pb—p—a={(A—p— )a+udb
a.a a.a

now since a and b are linearly independent, we get = 0 and A — ,ugf‘g =0ie.
A = 0, meaning that a and c are linearly independent too. O

14



Theorem 2.36. Let (V,Q) be a nondegenerate quadratic module of dimension
dim (V') > 3 with two orthogonal basis B and C then there exists a chain con-
tigously relating B and C.

Proof. Define p; := (b1.b1)(c;.¢;) — (b1.c;)? and distinguish the cases where p; =
0 for i € {1,2} and where u; # 0.

Case 1. (u; # 0 for ¢ = 1,2) By assumption and lemma 2.34 (applied to b;
and ¢;) P := (b1, ¢;) has dimension 2 and is nondegenerate. Since B and C are
orthogonal basis by fact 2.31 we know that b; and ¢; are both nonisotropic and
lemma 2.35 therefore yields x,y € V with

P=(b)® (z) and P={(c)d (y)

Additionally by proposition 2.20 we get, that P is nondegenerate too. And
ultimately V = P& PL. Now let {ds,...d, } be an orthogonal basis of P+
(which exists because of theorem 2.32). Then the sequence

B 3 {b1,$7d3,...7dn} ) {ciay7d3a"'7dn} ) c
contigouously relates B and C.
Case 2. (u; =0 for i = 1,2) We first prove the following claim:

Claim 2.36.1. 3\ € F: ey := ¢; + Ay is nonisotropic and {ex, b1) is a nonde-
generate plane.

Proof. For ey being nonisotropic, we need to ensure that 0 # ey.ey. So calculate
(ex.ex) = (c1.c1) + 2\ (c1.¢2) + N (ca.c0) = (cr.¢1) + AP (ca.c2)

since C' is orthogonal. We know that (¢;, ¢;) # 0 (fact 2.31) and therefore have

that ey is nonisotropic if and only if A* # —£kcL,

Applying lemma 2.34 to ey and b; yields that it is necessary and sufficient for
them to generate a nondegenerate plane that

(bl.bl)(eA.eA) - (b1.6>\)2 7£ 0
So calculate

(bl.bl)(eA.e,\) = (bl.bl)((cl.cl) =+ /\2(62.62))
= (bl.bl)(Cl.Cl) + )\Q(bl.bl)(CQ.CQ)

= (br.c1)® + N2(b1.c2)? since p; =0
and
(b1.ex)? = (br.c1 + A(br.c2))?
= (b1.c1)? + 2\(b1.c1)(b1.c2) + N (by.c2)?
leading to

0 75 (bl.bl)(e)\.e,\) - (bl.eA)Q = —2)\(b1.61)(b1.62)
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By fact 2.31 and u; = 0, we get that (b;.c;)> # 0 and tehrefore that A\ # 0.
Summarized, ey verifies the conditions of claim 2.36.1 if and only if A% # —ﬁ
and A # 0. This rules out only 3 values for A € F, so if F has at least 4 elements,
we are done. So we are left to show the statement for the case F = F3 (F = Fy
is excluded, since char (F) # 2): In F3, all nonzero squares are 1, so p; = 0 is
equivalent to (b1.b1)(c¢;.c;) = 1. Now calculate

_Cl.Cl _ _(bl.bl)(cl.cl) -1

Co.Co (bl.bl)(CQ.Cg)

A2

and see that A\ = 1 realizes the conditions A\?> # —1 and A\ # 0 which finishes the
proof of claim 2.36.1. O

Let ey € F be such as in claim 2.36.1 and since ey is not isotropic there is y € F
such that { ey, y } is an orthogonal basis of (ey, y).

O

2.5 Proof of Witt’s Theorem

Let (V,Q) and (V',Q’) be two nondegenerate quadratic spaces, U C V a sub-
space of V and s : U — V' be an injective metric morphism in this section. The
goal is to extend s to a subspace larger than U and if possible to all of V.

Proposition 2.37. If U is degenerate, there exists Uy C V' containing U with
dim (U7) = dim (U) + 1

extending s to an injective metric morphism sy : Uy — V' with 51‘ =s.
U

Proof. Let € rad (U) \ {0} and g : U — F be linear such that g(z) = 1.
Since U is nondegenerate, fact 2.16(ii) implies that ¢y is an isomorphism and

therefore surjective i.e. exists y € V such that qV(y)’ = g or in other words
U

forall u € U : g(u) = u.y. Since x € rad (U) and y.x = 1 # 0 we get that y ¢ U
and therefore that Uy := U @ (y) contains U as a hyperplane.
Replacing y by y — Az with A = (y.y)/2 does not change ¢ since for any
ueU:
u(y—Az) =uwy— A uzx =uy.
=0 since

zerad(U)

But the replacement yields that y.y = 0 since

(= \o).y— o) = () — 20 (ya) +N° (wa) = (py)— 29 —o.

~—— —— 2
=1 since =0 since
I(x)=1 zerad(U)

The same constructions works for U’ := s(U), 2’ = s(z) and ¢’ = go s !

yielding ¥’ € V' and U; = U’ @ (y'). Now define s; : Uy — U7 by

si: U y) = U @)
(u, ay) = (s(u), ay’).
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Now we claim that s; is a metric isomorphism. s; is indeed well-defined, linear,
injective and surjective by definition and we now check that it is metric. Let
uw € U and ay € (y), then

" 2.18

Q' (s1(u, ay)) = Q' (s(u), a (o)

=0 since y’.y’=0

Q|, )+ Q) (o) = (s(w).
—_———

And since s is metric, Q' o s = @ implying that Q' o s; = Q) and finally that s;
is metric. O

Theorem 2.38 (Witt). If (V,Q) and (V',Q’) are isomorphic and nondegener-
ate, every injective metric morphism

s: U=V
from a subspace U CV can be extended to a metric isomorphism of V onto V.

Proof. Since V and V' are isomorphic, we can without loss of generality assume
that V' = V’. If V is degenerate, we can apply proposition 2.37 to be finished or
to be left with a non-degenerate subspace U C V. We now argue by induction
on dim (U).

If dim (U) = 1, U is generated by a nonisotropic element x € U. If y = s(x),
we have y.y = s(z).s(z) = x.z. Now one can choose ¢ = +1 such that = + ey is
nonisotropic too since otherwise we whould have:

0=(z+y)(z+y =xzx+2zy+yy=2x2+2ryYy
0=(x—y)(z—y)=xx—-2cy+yy=2z20— 22y
=0=4z.x
=>0=z2

Now define z = z 4 ey and let H = (z)". Now we have V = (z) & H by
proposition 2.20(iii) since (U, Q) is nondegenerate. Now let o : V' — V be the

unique automorphism defined by 0| =idy and o (2) := —z. We have
H
olx—ey) =z —ey since x —ey € H
olx+ey) =—x—ey by definition
yielding

oc2x)=oc(x—ey)+o(ztey) =x—€y—T— ey = —2ey

and ultimately o(z) = —ey, hence the automorphism —eo extends s.

If dim (U) > 1, we decompose U in the form U; & U, with Uy, U, # {0}. By
induction hypothesis, the restriction s; of s to U; extends to an automorphism
o1 of V. After replaceing s by o 165 one can thus suppose that s is the identity
on U;. Then the morphism s carries Us into the orthogonal complement V7 of
U;. Again by induction hypothesis, the restriction of s to Uy extends to an
automorphism o9 of V;. Now define ¢ by o . idy, and o = o2 has the

1 1

desired property. O
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Corollary 2.39. Two isomorphic subspaces of a nondegenerate quadratic mod-
ule have isomorphic orthogonal complements.

Proof. Let U, W C V be two isomorphic subspaces, by theorem 2.38 we can ex-
tend the isomorphism between them to an automorphism of the whole space and
restrict it to the orthogonal complement U~ yielding an isomorphism between
Ut and W+, O
2.6 Application to quadratic form equivalence
Definition 2.40. Let f € F[z4,...,2,] be a quadratic form with
n
f(l’l, e 7.’1?71) = Za“‘x? + 2Zaijxixj Vi<je€ [n] tai; € F
i=1 i<j
then (F", f) is the quadratic module associated to f.

Proposition 2.41. Quadratic forms in the same number of variables are equiv-
alent if and only if the associated quadratic modules are isomorphic.

Proof. Let f,g € Flx1,...,2,] and let A be the matrix associated to f and B be
the matrix associated to g with respect to some basis (for example the canonical

one) of F™. An isomorphism of quadratic modules ¢ : (F™, f) = (F™, g) can
now be represented by a matrix P € Gl,, (F) such that foP = g which is exactly
the definition of form equivalence. O

Remark 2.42. Let f,g € F[x1,...,x,] be two quadratic forms with correspond-
ing matrices A and B. Saying f ~ g amounts to saying that there exists
X € Gl, (F) with B= XAXT (by remark 2.11).

Definition 2.43. Let f € F[xy,...,2,] and g € F[xy,..., 2] be two quadratic
forms, then we define the orthogonal sum f&g € Flzy,...,7n1m] by

(fé;g) (xla e 7xn+m) = f(xlv cee 7xn) +g(xn+1a cee 7xn+m)~

Correspondingly we write f© g := f & (—g).

Fact 2.44. The orthogonal sum of forms corresponds to the orthogonal sum of
quadratic spaces, i.e. ¥ f € Flxy,...,x,],9 €Flx1,...,20]:

(F™tm, fdg) = (F", f) & (F™,g).
Proof. Define the map ¢ : F* & F™ — F*"*™ component wise by
F" 3 (21,...,2,) = (21,...,7p,0,...,0) € F*t™
and
F™ 3 (21, sZm) = (0,...,0,21,...,2,) € F*T™.
This map induces an isomorphism of vectorspaces which is also a metric mor-

phism by definition of f & g. O
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Fact/Definition 2.45. A form f € F [z, y] is called hyperbolic if and only if:
fray~a® —y2
This means that the quadratic space (F?, f) is a hyperbolic plane.

Proof. First note that zy and x2 — y? are equivalent via

T s Tty
T 2

T—y
Yy =5

since

x+y>2_ (z+y)2_12+2xy+y2 _x272zy+y2 oy

2 =1 = (5 ! : 2

Let now f € F[z,y] be hyperbolic. We now need to find a basis {v,w} of
isotropic vectors such that v.w # 0. Since f ~ xy, there exists A € Gl,, (F) such

)
v:A<(1)) and w:A((l)),

which is, since A is bijective, a basis of F? and calculate

0-1(a() -

Now choose

yielding that

v =3 (o o) = (o) = f(0)) = 3 (4F(0) = f() = F(2)) =0

waw = 3 (Flw+w) ~ f(w) ~ f(w)) = 3 (4f(w) — Fw) ~ Fw) =0

v = ¢ (f(w+w) ~ f(v) ~ f(w)) = 5 £0.
This means that (F2, f) is a hyperbolic plane. O
Definition 2.46. A form f € F[zy,...,,] represents an element a € F if

there exists x € F™ \ {0} with f(z) = a.

Remark 2.47. A form represents zero if and only if the corresponding quadratic
space contains a non-zero isotropic element.
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Proposition 2.48. If f represents 0 and is nondegenerate, one has f ~ h+ g
where h is hyperbolic. Moreover, f represents all elements of FF.

Proof. Basically this is the translation of proposition 2.27 and corollary 2.28
in the language of quadratic form equivalence: Since f represents zero, there
exists a non-zero isotropic element x. Then by proposition 2.27 there exists a
hyperbolic plane U C V containing x, which by remark 2.26 is nondegenreate.
This implies with proposition 2.20(iii) that F = U & U+ where U is a hypberbolic
plane. By fact/definition 2.45, we now get that there is h that is hyperbolic.
Finally by corollary 2.28 we have that f(F™) = F which means that every
element of I is represented. O

Corollary 2.49. Let g € F[z1,...,2,_1] be a nondegenerate quadratic form
and let a € F*, then the following properties are equivalent:

(i). g represents a.
(ii). 3h EF[x1,..., 20 2]:9~hdaz.
(iii). g & ax? represents zero.
Proof.
(ii)=(i): and (ii)=-(iii): Let h be asin the statement. Then ¢ := (¢1,...,tn—2,tn)
with ¢; = 0 for i € [n — 2] and ¢,, = 1 gives
(h&azl) (t) = a.

Let 7 be an invertible linear transformation on the variables that takes g
to h @ az? then we have

g(r () = (hdaz?)(t) =a.

And since 7 is invertible and linear from ¢ # 0 it follows that 7 (t) # 0.
Hence g represents a. This immediately gives

(9Sazy) (r(t),1)=a—a=0.

(i)=(ii): Since g represents a, the quadratic space corresponding to g contains
an element x such that z.x = a. By proposition 2.20(ii) we then can write
Fr—! = {2} & (z). Now let {by,...,by_o} be a basis of {z}" and
define the quadratic form h by

n—2
h(Il, . ,In_g) = Z blbzl} +2 Z b7b]$1173
i=1

i<j
Fact 2.44 then implies the statement.

(iii)=>(i): If the form f := g©& ax? represents 0, there exists a non-trivial zero
(z1,...xy,) of f. then either x,, = 0, which implies that (z1,...,z,—1) isa
non-trivial zero of g and by proposition 2.48 we then get that g represents
a or x, # 0 in which case

o Llram) g(n | m ) (0 ),

2
Tn
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Theorem 2.50 (Decomposition into Sums of squares). It holds that
VfeF[xy,...,00) 23 ar,...,an EF:fNZaix?.
i=1

Proof. Theorem 2.32 together with fact 2.44 gives the statement. O

Fact 2.51. Let f € Fxy,...,2,]) 2, by theorem 2.50 there exist ay,...,a, € F
such that f ~ Y"1 a;z?. The rank (f) defined in definition/proposition 2.12
coincides with the number

{ieln]|ai#0}.

Two isomorphic quadratic modules (F™, f) = (F", g) are of the same rank.

Corollary 2.52. Let g and h be two nondegenerate forms of rank > 1 and
f:=g&h. The following properties are equivalent:

(i). f represents zero.
(ii). 3 a € F* which is represented by g and by h.
(ii3). 3 a € F* such that g© aZ? and h S aZ? represent zero.
Proof. (ii)<(iii): This follows from corollary 2.49.
(ii)=-(i): Since f is defined as the difference of g and h it represents 0.

(i)=-(ii): A nontrivial zero of f can be writen as (z,y) with f(z) = g(x) (by
definition of ©). If a = g(z) = h(y) is # 0, we are done. So let a = 0
which means that at least one of the forms g and h represents 0, thus by
proposition 2.48 all elements of F — in particular all non-zero values taken
by h.

O

Theorem 2.53 (Witt’s cancelation theorem). Let f = g&h and f' = g’ &N
be two nondegenerate quadratic forms. If f ~ f' and h ~ k', one has g ~ ¢'.

Proof. Corollary 2.39 gives the statement. O

Corollary 2.54. If f is nondegenerate, then there exist hyperbolic g1, ..., Gm
and h that does not represent zero with:

fra®.. Ogndh
and this decomposition is unique up to equivalence.

Proof. The existence follows from proposition 2.48 and uniqueness from theo-
rem 2.53. O
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3 The algorithm

In the main algorithm QUADRATIC-FORM-EQUIVALENCE presented in section 3.2
we will need to find rational solutions for so called “diagonal quadratic equa-
tions” which have the form:

n
Zaixf =0b where a;,b € Q.
i=0

For this we’ll need some elementary number theory that will be presented in
section 3.1. Additionally many results from section 2 will then prove the cor-
rectness of the algorithm.

3.1 Quadratic diagonal equations

Notation 3.1 (Square decomposition). For a € Z, denote by @ € Ns¢ the
maximal number such that for some @ € Z we can write

2a.

a=a
Fact 3.2. For a € Z, a is square-free.

Lemma 3.3. Foralla = g—;,,@ = %,7 = % € Q there exist square free a,b € Z
such that

ar® + By =7 #0 (3.1)
is solvable over rationals if and only if
ax? +by? = 22 (3.2)

is solvable over integers with pairwise coprime x,y, z.
In great detail we have with

A= a1 Pa2 B = asp172 C = azfom
that
a=A-C b=B-C
such that one can obtain a solution (z,y) = (%,2) € Q? of eq. (3.1) from a

solution (£,7,2) € Z* of eq. (3.2) and vice versa by the following relations:

#CC gcC
T=—= Y= "—=
ZA zB
A B _
T==u §7==v 2=Cw
C

Proof. Equation (3.1) is solvable over rationals if and only if

Az’ + By> =C
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is solvable over rationals. The solvability of the last equation is equivalent to
the solvability of the following equation:

A(g:y) +B<§y> =C. (3.3)

Hence with the substitution & := %o: and ¢ := %y we want to solve

A+ By =C (3.4)

over rationals. Now we use homogenization to switch to integers: Having a
solution for eq. (3.4) means that there exists u,v,w € Z with w # 0 such that

_ 2 2
A(3> +B(3) ~-C
w w
or, equivalently

Au? + Bv? = Cw?
multiplying by C # 0 yields
(C- A2+ (C-Bp? =C w (3.5)
Now eq. (3.5) has an integer solution with w # 0 if and only if
(C-A)yu* + (C- B? = 22

= 22 we have that C | 22
€ Z. O

has an integer solution with z # 0. Since C(au?+ fv?
and since C' is square free C' | z and therefore w? =

o ~—"

Ay

Proposition 3.4. For z,y,z,d € Z with x + y = z we have: If d divides two
elements of the set { x,y,z }, then d divides all three elements of { x,y,z }.

Proof. Without loss of generality assume that d |  and d | y Then there exist
elements u,v € Z such that x = du and y = dv, hence we have:

z=du+dv=du+v) = d]z
O

Proposition 3.5. If a prime divides a product of integrals, it divides at least
one of the factors.

Proof. Let p be a prime and a,b € Z with p | ab. We want to prove:

pta=p|b.

Set g := ged (a,p). Then of course g | p. Since p is prime, we have that g = 1
or g=p. If g=p, since g | a too, p | a which is a contradiction. So g = 1. By
the euclidean algorithm, there exist

T,y €Z:pxr+ay=1.
Multiplying by b gives:
bpx + bay = b.

Observe that p | pzb and p | aby (since it is assumed that p | ab). Therefore, by
proposition 3.4 it follows that p | b. O
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Definition 3.6 (Norm of an element in a number field). Note that for a € Q an
element of the number field Q (y/a) can be written as a + 81/a with «, 8 € Q.
Now define the norm by

N:Q(Va) — Q
a+Byva — o —ap

The norm is a multiplicative function.
Fact 3.7. The norm is a multiplicative function.

Proof. Let a+ Bv/a,a’ + '\/a € Q(y/a) and calculate
N (a+ Bva) N (o + p'Va) = (o — aB?) (o/* — ap?)

— 020 — aa?B? — af’a® + 253"
= a20’ + 232 — a (a28” + f2a?)
= a?a? — 2ad/ BB a + a3 5"

—a (a2ﬂ’2 —2a8'd'B + 0/252)

(aa + a,@’ﬁ’)2 —a(af + 0/6)2

N (ad +aBf' + (af' +o'B)Va)

= N ((a+pva) (o +5'Va))

O

Lemma 3.8. Let a,b € Z be square-free with |a| < |b| and 1 < |b|. Then there
exists b € Z with |b'| < |b| such that

az? + by? = 2* (3.6)
has a solution if and only if

azx? +b'y? = 2* (3.7)
has a solution and this solution can be converted into each other effectively.

Proof. If eq. (3.6) has a solution, then for any p | b we have that p cannot divide
x, since otherwise:

2

plband plz = 0=,az’+by* =2
= p|z2
= plz
= p? |22 2% =ax? + byt
L by

This means that 3n € Z : np? = by?. We furthermore know that p | b, meaning
that 3 m € Z : mp = b with the additional property that p t m since b is square
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free. Putting this together, we get

np® =by® =mpy® & np=my?
= p|my’
3.5 2
= plmorply
ptm
= ply?
3.5
= ply

which is a contradiction since z, y, z were assumed to be coprime. So p {  which
means that x € [} is invertible and therefore we get

2

2? = ar® + by’ =, ax?

& 22 (x_1)2 =pa

i.e. a is a square modulo p. By the chinese remainder theorem a € Z is a square.

Thus there is a ¢ € Z such that |¢| < % and a =, t2. Let &' € Z be such that
t?=a+bb. (3.8)

2

We now claim that az? + by? = 22 has a solution if and only if az? + b'y? = 2
has a solution: If az? + by? = 22 has a solution then

z+aya)  2? x?
M) e
— N (W) =22 — aa?

Also from eq. (3.8) we get:

b =t>—a=N (t++a)

:>b’:N(tZ\/a) ]]\\:EI:M\/E?; faa:i?N(mj)-

Y

Which, by expanding the fraction by z — z+/a i.e. rationalizing the denomi-
nator, effectively gives an integral solution of eq. (3.7). Since the argument is
symmetric in b and b’ we get a solution of eq. (3.6) from a solution of eq. (3.7).
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We are left to show that [b/| < |b]:

t?—a
la| + '] = o]+
b
< ‘ |+ 2 +‘a
a h 2
b b
la<[b] 2
b <3t b
<7 g+ By
o]
< la|+b]

O

Corollary 3.9. Let a,b € Z be square-free with |a| < |b| and 1 < |b|. Then to
determine if a solution of

azx? + by2 =22

exists and to calculate it, can be done effectivly.

Proof. Repeatedly apply lemma 3.8 to end up with one of the following equa-
tions:

+a?+y? =22 or +a2% =22

Their solvability over Z is easy to check and they are solvable just as easy.
Since lemma 3.8 gives an effective way to convert solutions, the whole process
is effective too. O

3.2 Rational quadratic forms

Theorem 3.10. A generalization of lemma 3.3 and corollary 3.9 for arbitrary
n € N give an algorithm to effectively compute a solution for a diagonal quadratic
equation.

Fact 3.11. For any f € Fxy,... ,xn]zg, we can write

flxy, ..., mp) = (1, 20) A2,y 1) T

for a symmetric A € F™*™ with entries a;; € F. Since A is a symmetric matriz
over a field of characteristic not equal to 2, we can apply Gaussian elimination
to optain C € Gl, (F) such that CACT is diagonal. Call the diagonal elements
b; € F. Then we have

Fl@1,. . 20)C) = (21, 20)CACT (21, )T =) by},
i=1

This process makes theorem 2.50 explicit and effective.
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Fact 3.12. For f,g € F[z]~ with f(z) = az® and g(x) = ba? we have that

frvg@%G]F*?

This criterium can be checked in polynomial time for F = Q.

Proof. Being equivalent for this two forms means that there exists a number
A € F* such that g(Az) = f(x):

a

gOz) = f(2) & b(A\r)? =ax? e b P =ar S b\l =a e N = 7

The last equation is solvable if and only if 7 is a square in F i.e. ¢ € F*2. For
F = Q this is the case if and only if the nominator and denominator are squares
in Z. To check this one can simply perform a binary search which can be done in
linear time in the number of digits see the following CHECK-PERFECT-SQUARE-
ALGORITHM:

Algorithm 1 CHECK-PERFECT-SQUARE-ALGORITHM
Input: z € Z.
Output: true if \/z € Z, false else.

1: if z < 0 then

2 return false
3: end if

4: set 1 :=2zDIV 2, S:={x}
5: while 22 # 2 do
6
7
8
9

set z := (x + (z DIV z)) DIV 2
if z € S then
return false
: end if
10: set S:=SU{z}
11: end while
12: return true

O

Now we come to the main algorithm that I want to present in this script.
It can decide the QUADRATICFORMEQUIV-Problem in exponential time and
can also be used to find such an equivalence. It is noteworthy that it can be
generalized for other fields too, for example F = F, for a prime power ¢ or
F e {R,C}. Except for step 10 the algorithm boils down to linear algebra and
the results from the previous section. The algorithm for 10 in the case F = Q
is given above. For other fields consult the following references:

e =T, for a prime power ¢: by a classical theorem of Weil (see [Bac96])
for a random choice of z1,...,z, € Fy there exists z,, € F, solving the
equation.

e F e {R,C}: One can just choose i such that a; # 0, set z; = \/b/a; and
xz; =0 for j # 1.
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Algorithm 2 QUADRATIC-FORM-EQUIVALENCE

Input: f,g € Qlzy,..., 2,
Output: true if f ~ g, false else.
1: By fact 3.11 assume f =)  a;z? and g = 1 | b;xz? with a;,b; € Q.
2: Without loss of generality set n = rank (f) and permute the variables such
that a;, b; € Q* Vi € [n].
3: if rank (f) # rank (g) then
return false
/* fact 2.51 */
end if
if rank (f)=1 then
Write f(z) = ax? and g(z) = ba?
return truth value of 7 € Q*2
/* fact 3.12 */
9: end if
10: Theorem 3.10 gives a solution a € Q™ of the diagonal quadratic equation
flz1, ..., xn) = by.
11: The subspace U := (oz)L is nondegenerate since b,, # 0, which means by
proposition 2.20(ii) that we have

]:2

>

V={(a) &U
So every v € V can be written as v = Aa+ u with A € Q and v € U. Thus

f) =vw=Ma+u).\a+u) = Na.a+uu
= N f(a) + f(u) = by + f(u).

This simply means that f ~ b,22 & fi(21,...,7,_1) for some quadratic

form f1 € Qlx1,...,2n1]
12: Now we have

f ~ bnmiéfl(xla“wxnfl)

n—1
g(xlv s 7xn) = bnxi @ Z bzxf
i=1

Theorem 2.53 (Witt’s cancelation theorem) then says that:
n—1
bl & fi(z1, ..., 2p1) ~ byand Z bix?
i=1
n—1
— fl(xlw-'vxn—l) ~ szl‘f
i=1

13: set f:= fi,g:= Z?;ll b;z? and goto 1.

28



Theorem 3.13. We have that

QUADRATICFORMEQUIV, € EXP

and the equivalence can also be found in EXP.
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